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1 Introduction
The main theme of this paper is that investors dislike surprise infla-
tion not only because it lowers the payoff on nominal bonds, but also
because it is bad news for future consumption growth. The fact that
nominal bonds pay off little precisely when the outlook on the future
worsens makes them unattractive assets to hold. The premium that risk
averse investors seek as compensation for inflation risk should thus
depend on the extent to which inflation is perceived as a carrier of bad
news.
One implication is that the nominal yield curve slopes upward:
Long bonds pay off even less than short bonds when inflation, and
hence bad news, arrives. Therefore, long bonds command a term
spread over short bonds. Moreover, the level of interest rates and term
spreads should increase in times when inflation news is harder to inter-
pret. This is relevant for periods such as the early 1980s, when the joint
dynamics of inflation and growth had just become less well under-
stood.
We study the effect of inflation as bad news in a simple representa-
tive agent asset pricing model with two key ingredients. First, investor
preferences are described by recursive utility. One attractive feature of
this preference specification is that—in contrast to the standard time-
separable expected utility model—it does not imply indifference to the
temporal distribution of risk. In particular, it allows investors to prefer
a less persistent consumption stream to a more persistent stream, even
if overall risk of the two streams is the same. In our context, aversion to
persistence generates a heightened concern with news about the future
and makes investors particularly dislike assets that pay off little when
bad news arrives.390 Piazzesi and Schneider
The second ingredient of the model is a description of how inves-
tor beliefs about consumption and inflation evolve over time. Inves-
tor beliefs determine to what extent inflation is perceived to carry bad
news at a particular point in time. We consider various specifications,
some of which take into account structural change in the relationship
between consumption growth and inflation over the postwar period in
the United States. Given investor beliefs about these two fundamentals,
we determine interest rates implied by the model from the intertempo-
ral Euler equation.
We perform two broad classes of model exercises. First, we consider
stationary rational expectations versions of the model. Here we begin
by estimating a stochastic process for U.S. consumption growth and
inflation over the entire postwar period. We assume that investor beliefs
are the conditionals of this process, and derive the properties of the
model-implied yield curve. The estimated process in this benchmark
exercise has constant conditional variances. As a result, all asset price
volatility derives from changes in investors' conditional expectations.
In particular, the dynamics of yields are entirely driven by movements
in expected consumption growth and inflation.
The benchmark model captures a number of features of observed
yields. Both model implied and observed yields contain a sizeable low
frequency component (period > eight years) that is strongly correlated
with inflation. At business cycle frequencies (between one and a half
and eight years), both the short rate and the term spread are driven
by the business cycle component of inflation, which covaries positively
with the former and negatively with the latter. Both a high short rate
and a low term spread forecast recessions, that is, times of low con-
sumption growth. Finally, average yields are increasing, and yield vola-
tility is decreasing, in the maturity of the bond.
The fact that the model implies an upward-sloping nominal yield
curve depends critically on both preferences and the distribu-
tion of fundamentals. In the standard expected utility case, an asset
commands a premium over another asset only when its payoff cova-
ries more with consumption growth. Persistence of consumption
growth and inflation then implies a downward sloping yield curve.
When investors exhibit aversion to persistence, an asset commands a
premium also when its payoff covaries more with news about future
consumption growth. The estimated process implies that inflation
brings bad news. The implied correlation between growth and infla-
tion is critical; if inflation and consumption growth were independent,Equilibrium Yield Curves 391
the yield curve would slope downward even if investors were averse
to persistence.
The role of inflation as bad news suggests that other indicators of
future growth might matter for term premia. Moreover, one might
expect the arrival of other news about growth or inflation to make
yields more volatile than they are in our benchmark model. In a second
exercise, we maintain the rational expectations assumption, but model
investors' information set more explicitly by exploiting information
contained in yields themselves. In particular, we begin by estimating an
unrestricted stochastic process for consumption growth, inflation, the
short rate, and the term spread. We then derive model-implied yields
given the information set described by this stochastic process.
The resulting model-implied yields are very similar to those from our
benchmark. It follows that, viewed through the lens of our consump-
tion-based asset pricing model, inflation itself is the key predictor of
future consumption, inflation, and yields that generates interest rate
volatility. Conditional on our model, we can rule out the possibility
that other variables—such as investors' perception of a long run infla-
tion target, or information inferred from other asset prices—generates
volatility in yields. Indeed, if observed yields had been generated by a
version of our model in which investors price bonds using better infor-
mation than we modelers have, our exercise would have recovered that
information from yields.
We also explore the role of inflation as bad news in a class of mod-
els that accommodate investor concern with structural change. Here
we construct investor beliefs by sequentially estimating the stochas-
tic process for fundamentals. We use a constant gain adaptive learn-
ing scheme where the estimation for date t places higher weight on
more recent observations. The investor belief for date t is taken to be
the conditional of the process estimated with data up to date t. We then
compute a sample of model-implied yields from the Euler equations,
using a different investor belief for each date. We apply this model to
consider changes in yield curve dynamics, especially around the mon-
etary policy experiment.
It has been suggested that long interest rates were high in the early
1980s because investors at the time were only slowly adjusting their
inflation expectations downward. In the context of our model, this is
not a plausible story. Indeed, it is hard to write down a sensible adap-
tive learning scheme in which the best forecast of future inflation is
not close to current inflation. Since inflation fell much more quickly in392 Piazzesi and Schneider
the early 1980s than nominal interest rates, our learning schemes do
not generate much inertia in inflation expectations. At the same time,
survey expectations of inflation also fell relatively quickly in the early
1980s, along with actual inflation and the forecasts in our model.
We conclude that learning can help in understanding changes in the
yield curve only if it entails changes in subjective uncertainty that have
first order effects on asset prices. In a final exercise, we explore one
scenario where this happens. In addition to sequential estimation, we
introduce parameter uncertainty which implies that investors cannot
easily distinguish permanent and transitory movements in inflation.
With patient investors who are averse to persistence, changes in uncer-
tainty then have large effects on interest rates and term spreads. In par-
ticular, the uncertainty generated by the monetary policy experiment
leads to sluggish behavior in interest rates, especially at the long end of
the yield curve, in the early 1980s.
A by-product of our analysis is a decomposition into real and nominal
interest rates, where the former are driven by expected consumption
growth, whereas the latter also move with changes in expected infla-
tion. Importantly, inflation as an indicator of future growth affects both
nominal and real interest rates. Loosely speaking, our model says that
yields in the 1970s and early 1980s were driven by nominal shocks—
inflation surprises—that affect nominal and real rates in opposite direc-
tions. Here an inflation surprise lowers real rates because it is bad news
for future consumption growth. In contrast, prior to the 1970s, and again
more recently, there were more real shocks—surprises in consumption
growth—that make nominal and real interest rates move together.
Our model also predicts a downward sloping real yield curve. In con-
trast to long nominal bonds, long indexed bonds pay off when future
real interest rates—and hence future expected consumption growth—
are low, thus providing insurance against bad times. Coupled with per-
sistence in growth, this generates a downward sloping real yield curve
in an expected utility model. The effect is reinforced when investors are
averse to persistence. Unfortunately, the available data series on U.S.
indexed bonds, which is short and comes from a period of relatively
low interest rates, makes it difficult to accurately measure average long
indexed yields. However, evidence from the United Kingdom suggests
that average term spreads are positive for nominal, but negative for
indexed bonds.
The paper is organized as follows. Section 2 presents the model,
motivates our use of recursive utility, and outlines the yield computa-Equilibrium Yield Curves 393
tions. Section 3 reports results from the benchmark rational expecta-
tions version of the model. Section 4 maintains the rational expectations
assumption, but allows for more conditioning information. Section 5
introduces learning. Section 6 reviews related literature. Appendix A
collects our estimation results. Appendix B presents summary statistics
about real rate data from the United States and the United Kingdom.
A separate Appendix C which is downloadable from our websites con-
tains results with alternative data definitions, evidence from inflation
surveys, as well as more detailed derivations.
2 Model
We consider an endowment economy with a representative investor.
The endowment—denoted {Ct} since it is calibrated to aggregate con-
sumption—and inflation {7tt} are given exogenously. Equilibrium prices
adjust such that the agent is happy to consume the endowment. In the
remainder of this section, we define preferences and explain how yields
are computed.
2.1 Preferences
We describe preferences using the recursive utility model proposed by
Epstein and Zin (1989) and Weil (1989), which allows for a constant coef-
ficient of relative risk aversion that can differ from the reciprocal of the
intertemporal elasticity of substitution (IES). This class of preferences is
now common in the consumption-based asset pricing literature. Camp-
bell (1993, 1996) derives approximate loglinear pricing formulas (that
are exact if the IES is one) to characterize premia and the price volatility
of equity and real bonds. Duffie, Schroeder, and Skiadas (1997) derive
closed-form solutions for bond prices in a continuous time version of
the model. Restoy and Weil (1998) show how to interpret the pricing
kernel in terms of a concern with news about future consumption. For
our computations, we assume a unitary IES and homoskedastic lognor-
mal shocks, which allow us to use a linear recursion for utility derived
by Hansen, Heaton, and Li (2005).
We fix a finite horizon T and a discount factor j3 > 0. The time t utility
Vt of a consumption stream {Ct} is defined recursively by394 Piazzesi and Schneider
with VT+l = 0. Here the certainty equivalent CEt imposes constant rela-
tive risk aversion with coefficient y,
and the sequence of weights at is given by
If p < 1, the weight at on continuation utility converges to J3 as the hori-
zon becomes large. If y = 1, the model reduces to standard logarith-
mic utility. More generally, the risk aversion coefficient can be larger or
smaller than one, the (inverse of the) intertemporal elasticity of substi-
tution.
2.1.1 Discussion Recursive preferences avoid the implication of the
time-separable expected utility model that decision makers are indiffer-
ent to the temporal distribution of risk. A standard example, reviewed
by Duffie and Epstein (1992), considers a choice at some date zero
between two risky consumption plans A and B. Both plans promise
contingent consumption for the next 100 periods. Under both plans,
consumption in a given period can be either high or low, with the out-
come determined by the toss of a fair coin. However, the consumption
stream promised by plan A is determined by repeated coin tosses: If the
toss in period t is heads, consumption in t is high, otherwise consump-
tion in t is low. In contrast, the consumption stream promised by plan B
is determined by a once and for all coin toss at date 1: if this toss is heads,
consumption is high for the next 100 periods, otherwise, consumption
is low for the next 100 periods.
Intuitively, plan A looks less risky than plan B. Under plan B, all eggs
are in one basket, whereas plan A is more diversified. If all payoffs were
realized at the same time, risk aversion would imply a preference for
plan A. However, if the payoffs arrive at different dates, the standard
time-separable expected utility model implies indifference between
A and B. This holds regardless of risk aversion and of how little time
elapses between the different dates. The reason is that the time-sepa-
rable model evaluates risks at different dates in isolation. From the per-
spective of time zero, random consumption at any given date—viewed
in isolation—does have the same risk (measured, for example, by the
variance.) What the standard model misses is that the risk is distributedEquilibrium Yield Curves 395
differently over time for the two plans: Plan A looks less risky since the
consumption stream it promises is less persistent.
According to the preferences (1), the plans A and B are ranked dif-
ferently if the coefficient of relative risk aversion /is not equal to one.
In particular, y > 1 implies that the agent is averse to the persistence
induced by the initial shock that characterizes plan B and therefore pre-
fers A. This is the case we consider in this paper. When /< 1, the agent
likes the persistence and prefers B.
Another attractive property of the utility specification (1) is that the
motives that govern consumption smoothing over different states of
nature and consumption smoothing over time are allowed to differ. For
example, an agent with recursive utility and y > 1 would not prefer
an erratic deterministic consumption stream A to a constant stream B.
Indeed, there is no reason to assume why the two smoothing motives
should be tied together like in the power utility case, where the risk
aversion coefficient /is the reciprocal of the elasticity of intertempo-
ral substitution. After all, the notion of smoothing over different states
even makes sense in a static economy with uncertainty, while smooth-
ing over time is well defined in a dynamic but deterministic economy.
We specify a (long) finite horizon T because we want to allow for
high discount factors, J5 > 1. There is no a priori reason to rule out this
case. The usual justification for low discount factors is introspection:
When faced with a constant consumption stream, many people would
prefer to shift some consumption into the present. While this introspec-
tive argument makes sense in the stochastic environment in which we
actually live—where we may die before we get to consume, and so we
want to consume while we still can—it is not clear whether the argu-
ment should apply to discounting in a deterministic environment with
some known horizon (which is the case for which the discount factor j3
is designed.)
2.1.2 Pricing Kernel We divide equation (1) by current consumption
to get
c, \cM c,
Taking logarithms, denoted throughout by small letters, we obtain the
recursion
vt-ct=at\n CEf [exp(vt+1 - cM + AcM)].396 Piazzesi and Schneider
Assuming that the variables are conditionally normal, we get
vt-ct= atEt(vM -cM + AcM) + at-{l-y)varf(vt+1). (3)
Solving the recursion forward and using our assumption that the
agent's beliefs are homoskedastic, we can express the log ratio of con-
tinuation utility to consumption as an infinite sum of expected dis-
counted future consumption growth,
T-t
vt - ct = £ <xlMiEt (Ac(+1+/)+constant. (4) i=0
For ft < 1 and T = °°, the weights on expected future consumption
growth are simply ati = /?'. Even for large finite T, equation (4) can be
viewed as a sum of expected consumption growth with weights that
are independent of the forecasting horizon 1 + i.
For finite T, the weights at. are given by
;=0
so that an - ar For f5 > 1, the weights on expected future consumption
growth are decreasing and concave in the forecast horizon /. For large
T, they remain equal to one for many periods. If consumption growth
reverts to its mean—that is, Et(AcM+) converges to the unconditional
mean of consumption growth as i becomes large—then the log ratio
of continuation utility is approximately given by the infinite-horizon
undiscounted sum of expected consumption growth.
Payoffs denominated in units of consumption are valued by the real
pricing kernel
• (5)
The random variable MM represents the date t prices of contingent
claims that pay off in t + 1. In particular, the price of a contingent
claim that pays off one unit if some event in t + 1 occurs is equal to the
expected value of the pricing kernel conditional on the event, multi-
plied by the probability of the event. In a representative agent model,
the pricing kernel is large over events in which the agent will feel bad:
Claims written on such events are particularly expensive.Equilibrium Yield Curves 397




= In P - Act+l - (7 -1) 2^ at+u (Et+1 - Et)AcM+i 1=0
The logarithmic expected utility model (the case 7=1) describes "bad
events" in terms of future realized consumption growth—the agent feels
bad when consumption growth is low. This effect is represented by the
first term in the pricing kernel. Recursive utility introduces a new term
that reflects a concern with the temporal distribution of risk. In the case
we consider, 7 > 1, the agent fears downward revisions in consumption
expectations. More generally, a source of risk is not only reflected in asset
prices if it makes consumption more volatile, as in the standard model,
but it can also affect prices if it affects only the temporal distribution of
risk, for example if it makes consumption growth more persistent.
Finally, we define the log nominal pricing kernel, that we use below
to value payoffs denominated in dollars:
m
%M=mM-nM. (7)
2.2 Nominal and Real Yield Curves
The agent's Euler equation for a real bond that pays one unit of con-
sumption n periods later determines its time-f price Pt
{n) as the expected
value of its payoff tomorrow weighted by the real pricing kernel:
Pt
in) =Et(P^MM) = Etn^MM\ (8)
This recursion starts with the one-period bond at Pf
(1
) = Ef[M(+1] Under
normality, we get in logs
± ) (9)398 Piazzesi and Schneider
The n-period real yield is defined from the relation
For a fixed date t, the real yield curve maps the maturity n of a bond to its
real yield yt
{n). Throughout this paper, we assume that the agent's beliefs
are homoskedastic. To the extent that we observe heteroskedasticity of
yields in the data, we will attribute it to the effect of learning about the
dynamics of fundamentals.
Analogously, the price of a nominal bond Pf
("
)
$ satisfies the Euler
equation (8) with dollar signs attached. From equations (9) and (10), we
can write the nominal yield as
By fixing the date t, we get the nominal yield curve as the function that
maps maturity n to the nominal yield y/"
)
$ of a bond.
Equations (9) and (10) show that log prices and yields of real bonds
in this economy are determined by expected future marginal utility.
The log prices and yields of nominal bonds additionally depend on
expected inflation. To understand the behavior of yields, it is useful
to decompose yields into their unconditional mean and deviations of
yields from the mean. Below, we will see that while the implications
for average yields will depend on whether we assume recursive or
expected (log) preferences, the dynamics of yields—and thus volatil-
ity—will be the same for both preference specifications.
The dynamics of real yields can be derived from the conditional
expectation of the real pricing kernel (6) together with the yield equa-






where //. denotes the mean consumption growth rate. This equa-
tion shows that the dynamics of real yields are driven by changes in
expected future consumption growth. Importantly, these dynamics do
not depend on any preference parameters. In particular, the equation
(12) is identical for recursive utility and expected log utility. Of course,Equilibrium Yield Curves 399
equation (12) does depend on the elasticity of intertemporal substitu-
tion, which we have set equal to one.
Similarly, the dynamics of nominal yields can be derived from the
conditional expectation of the nominal pricing kernel (7) together with
the yield equation (11). As a result, we can show that de-meaned nomi-
nal yields are expected nominal growth rates over the lifetime of the
bond
(13)
The dynamics of real and nominal yields in equations (12) and (13)
show that changes in the difference between nominal and real yields
represent changes in expected future inflation.
The unconditional mean of the one-period real rate is
i (14)
The first three terms represent the mean real short rate in the log util-
ity case. The latter is high when /J is low, which means that the agent
is impatient and does not want to save. An intertemporal smoothing
motive increases the real rate when the mean consumption growth rate
juc is high. Finally, the precautionary savings motive lowers the real rate
when the variance of consumption growth is high. With y > 1, an addi-
tional precautionary savings motive is captured by the covariance term.
It not only lowers interest rates when realized consumption growth is
more volatile, but also when it covaries more with expected consump-
tion growth, that is, when consumption growth is more persistent.






There are several reasons for why the Fisher relation fails or, put dif-
ferently, for why the short rate is not simply equal to the real rate plus400 Piazzesi and Schneider
expected inflation. First, the variance of inflation enters due to Jensen's
inequality. Second, the covariance of consumption growth and infla-
tion represents an inflation risk premium. Intuitively, nominal bonds—
including those with short maturity—are risky assets. The real payoff
from nominal bonds is low in times of surprise inflation. If the covari-
ance between inflation and consumption is negative, nominal bonds
are unattractive assets, because they have low real payoffs in bad times.
In other words, nominal bonds do not provide a hedge against times
of low consumption growth. Investors thus demand higher nominal
yields as compensation for holding nominal bonds. Recursive utility
introduces an additional reason why nominal bonds may be unattract-
ive for investors: Their payoffs are low in times with bad news about
future consumption growth. These bonds may thus not provide a hedge
against times with bad news about the future.





) as the return on buying an n-period
real bond at time t for pf> and selling it at time t + 1 for p
{"~^ in excess of
the short rate. Based on equation (9), the expected excess return is
(16)
The covariance term on the right-hand size is the risk premium, while
the variance term is due to Jensen's inequality. Expected excess returns
are constant whenever conditional variances are constant, as in our
benchmark belief specification. With learning, however, the conditional
probabilities that are used to evaluate the conditional covariances in
equation (16) will be derived from different beliefs each period. As a
result, expected excess returns will vary overtime.
The risk premium on real bonds is positive when the pricing ker-
nel and long bond prices are negatively correlated. This correlation is
determined by the autocorrelation of marginal utility. The risk premium
is positive if marginal utility is negatively correlated with expected
changes in future marginal utility. In this case, long bonds are less
attractive than short bonds, because their payoffs tend to be low in bad
times (when marginal utility is high). The same equation also holds for
nominal bonds after we attach dollar signs everywhere. Here, the sign
of the risk premium also depends on the correlation between (nomi-
nal) bond prices and inflation. Over long enough samples, the average
excess return on an n-period bond is approximately equal to the aver-Equilibrium Yield Curves 401
age spread between the n-period yield and the short rate.
1 This means
that the yield curve is on average upward sloping if the right-hand side
of equation (16) is positive on average.
In our model, expected changes in marginal utility depend on
expected future consumption growth. The expected excess return (16)
can therefore be rewritten as
Et (ntfj) = cov( m(+1,Ef+1]T AcM+1 -1 var,^). (17)
Real term premia are thus driven by the covariance of marginal utility
with expected con-sumption growth. The expected excess return equa-
tion (16) for an n-period nominal bond becomes
Et(rx^) = cov imluEM^Act+Ul+7rM+iy (18)
This equation shows that nominal term premia are driven by the cova-
riance of the nominal pricing kernel with expected nominal growth.
3 Benchmark
In this section, we derive investor beliefs from a state space system for
consumption growth and inflation that is estimated with data from
the entire postwar sample. The conditional probabilities that we use to
evaluate the agent's Euler equation, and thus to compute yields, come
from this estimated system.
3.1 Data
We measure aggregate consumption growth with quarterly NIPA
data on nondurables and services and construct the corresponding
price index to measure inflation. We assume that population growth
is constant. The data on bond yields with maturities one year and lon-
ger are from the CRSP Fama-Bliss discount bond files. These files are
available for the sample 1952:2-2005:4. The short (1-quarter) yield is
from the CRSP Fama riskfree rate file. These data, our MATLAB pro-
grams, and Appendix C which contains additional results based on
alternative inflation and population series can be downloaded from
our websites.402 Piazzesi and Schneider
3.2 Beliefs about Fundamentals




where et+1 ~ N(0,Q), the state vector xM is 2-dimensional and contains
expected consumption and inflation, (j)x is the 2x2 autoregressive
matrix, and K is the 2x2 gain matrix. Our benchmark model assumes
that the agent's beliefs about future growth and inflation are described
by this state space system evaluated at the point estimates. Based on
these beliefs, the time-f conditional expected values in the yield equa-
tions (12) and (13) are simply linear functions of the state variables xt.
We estimate this system with data on consumption growth and infla-
tion using maximum likelihood. Table 6A.1 in Appendix A reports
parameter estimates.
The state space system (19) nests a first-order Vector-Autoregression.
To see this, start from the VAR zM- fiz + <pzt + et+1 and set xt = (p (z( - juz). This will result in a system like (19) but with K = I (and (j)x = <j)). Since K is
a 2 x 2 matrix, setting K = I imposes four parameter restrictions, which
we can test with a likelihood ratio test. The restrictions are strongly
rejected based on the usual likelihood ratio statistic 2 x [-£(#unrestricted)
- -£(#restricted)] = 34.3, which is greater than the 5 percent and 1 percent
critical %
2 (4) values of 9.5 and 13.3, respectively.
The reason for this rejection is that the state space system does a bet-
ter job at capturing the dynamics of inflation than the first-order VAR.
Indeed, quarterly inflation has a very persistent component, but also a
large transitory component, which leads to downward biased estimates
of higher order autocorrelations in the VAR. For example, the nth-order
empirical autocorrelations of inflation are .84 for n = 1, .80 for n = 2, .66
for n = 5, and .52 for n = 10. While the state space system matches these
autocorrelations almost exactly (as we will see in figure 6.1), the VAR
only matches the first autocorrelation and understates the others: the
numbers are .84 for n = 1, .72 for n = 2, .43 for n = 5, and .19 for n = 10.
For our purposes, high-order autocorrelations are important, because
they determine long-horizon forecasts of inflation and thus nominal
yields through equation (13). By contrast, this issue is not important forEquilibrium Yield Curves 403
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Covariance Functions Computed from the Estimated Benchmark Model and from
the Raw Data. Shaded areas indicate 2 x standard errors bounds around the cova-
riance function from the data computed with GMM. For example, the graph titled
"Consumption, Lagged Consumption" shows the covariance of current consump-
tion growth with consumption growth lagged x quarters, where x is measured on the
horizontal axis
matching the long-horizon forecasts of consumption growth and thus
real yields in equation (12). The autocorrelation function of consump-
tion growth data starts low at .36 for n = l, .18 for n = 2 and is essentially
equal to zero thereafter. This function can be matched well with a first-
order VAR in consumption growth and inflation.
To better understand the properties of the estimated dynamics, we
report covariance functions which completely characterize the linear
Gaussian system (19). Figure 6.1 plots covariance functions computed
from the model and from the raw data. At 0 quarters, these lines repre-
sent variances and contemporaneous covariances. The black lines from
the model match the gray lines in the data quite well. The shaded areas
in figure 6.1 represent 2 x standard error bounds around the covariance
function estimated with raw data. These standard error bounds are not404 Piazzesi and Schneider
based on the model; they are computed with GMM. (For more details,
see Appendix A.) To interpret the units, consider the upper left panel.
The variance of consumption growth is .22 in model and data, which
amounts to V.22 x 4
2 = 1.88 percent volatility. Figure 6.1 shows that con-
sumption growth is weakly positively autocorrelated. For example, the
covariance cov(Act, AcM) = p var(Ac() = px .22 = 0.08 in model and data
which implies that the first-order autocorrelation is p = .36. Inflation is
clearly more persistent, with an autocorrelation of 84 percent.
An important feature of the data is that consumption growth and
inflation are negatively correlated contemporaneously and forecast
each other with a negative sign. For example, the upper right panel in
figure 6.1 shows that high inflation is a leading recession indicator.
Higher inflation in quarter t predicts lower consumption growth in
quarter t + n even n = 6 quarters ahead of time. The lower left panel
shows that high consumption also forecasts low inflation, but with a
shorter lead time. These cross-predictability patterns will be important
for determining longer yields.
From equations (12) and (13) we know that the dynamics of equilib-
rium interest rates are driven by forecasts of growth and inflation. Real
yield movements are generated by changes in growth forecasts over
the lifetime of the bond, while nominal yield movements are generated
by changing nominal growth forecasts. To understand the conditional
dynamics of these forecasts better—as opposed to the unconditional
covariances and thus univariate regression forecasts from figure 6.1—
we plot impulse responses in figure 6.2. These responses represent the
change in forecasts following a 1 percent shock eM. The signs of the
own-shock responses are not surprising in light of the unconditional
covariances; they are positive and decay over time. This decay is slower
for inflation, where a 1 percent surprise increases inflation forecasts by
40 basis points even two years down the road. However, the cross-
shock responses reveal some interesting patterns. The middle left plot
shows that a 1-percent growth surprise predicts inflation to be higher
by roughly 20 basis points over the next 2-3 years. The top right plot
shows that a 1 percent inflation surprise lowers growth forecasts over
the next year by roughly 10 bp.
While we can read off the impulse responses of real rates directly
from the top row of plots in figure 6.2, we need to combine the responses
from the top two rows of plots to get the response of nominal growth
or, equivalently, nominal interest rates. This is done in the bottom row
of plots in figure 6.2. Here, inflation and growth surprises both leadEquilibrium Yield Curves 405
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Impulse Responses to 1 Percentage Point Surprises eM in Consumption Growth and Infla-
tion. The responses are measured in percent. Shaded areas are 2 x standard error bounds
based on maximum likelihood
to higher nominal growth forecasts—even over longer horizons. From
the previous discussion, we know that this effect is entirely due to the
long-lasting effect of both types of shocks on inflation. These findings
imply that growth surprises and inflation surprises move short-matu-
rity real rates in opposite directions, but won't affect long-maturity real
rates much. In contrast, growth and inflation surprises affect even lon-
ger-maturity nominal rates, because they have long-lasting effects on
inflation forecasts. In particular, these shocks move nominal rates in the
same direction.
An inspection of the surprises et+1 in equation (19) reveals that the
historical experience in the United States is characterized by a con-
centration of large nominal shocks in the 1970s and early 1980s. (We
do not include a plot for space reasons.) Outside this period, inflation
shocks occurred rarely and were relatively small. By contrast, real406 Piazzesi and Schneider
surprises happened throughout the sample and their average size did
not change much over time. As a consequence, our benchmark model
says that yields in the 1970s and early 1980s were mainly driven by nom-
inal shocks—inflation surprises—that affect nominal and real rates in
opposite directions. Here an inflation surprise lowers real rates because
it is bad news for future consumption growth. In contrast, prior to the
1970s, and again more recently, there were more real shocks—surprises
in consumption growth—that make nominal and real interest rates
move together.
3.3 Preference Parameters and Equilibrium Yields
The model's predictions for yields are entirely determined by the
agent's beliefs about fundamentals and two preference parameters,
the discount factor fi and the coefficient of relative risk aversion y. We
select values for the preference parameters to match the average short
and long end of the nominal yield curve. For our benchmark, those
values are /? = 1.005 and /= 59. These numbers indicate that the agent
does not discount the future and is highly risk averse. The nominal
short rate and the spread implied by the benchmark model are shown
in figure 6.3. The benchmark model produces many of the movements
that we observe in the data. For example, higher nominal growth expec-
tations in the mid 1970s and early 1980s make the nominal short rate
rise sharply.
3.4 Average Nominal Yields
Panel A in table 6.1 compares the properties of average nominal yields
produced by the model with those in the data. Interestingly, the model
with recursive utility produces, on average, an upward sloping nomi-
nal yield curve—a robust stylized fact in the data. The average differ-
ence between the five-year yield and the three-month yield in the data
is roughly 1 percentage point, or 100 basis points (bp). This difference
is statistically significant; it is measured with a 13 bp standard error. By
contrast, the average level of the nominal yield curve is not measured
precisely. The standard errors around the 5.15 percent average short end
and the 6.14 percent average long end of the curve are roughly 40 bp.
The intuitive explanation behind the positive slope is that high infla-
tion means bad news about future consumption. During times of high
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The Upper Panel Plots the Nominal Short Rate in the Data and the Benchmark Model,
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Table 6.1
Average Yield Curves (in % per year)
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Note: Panel A reports annualized means of nominal yields in the 1952:2-2005:4 quarterly
data sample and the various models indicated. "SE" represents standard errors computed
with GMM based on 4 Newey-West lags. "SE Spreads" represent standard errors around
the average spreads between the indicated yields. For example, the 0.99 percentage point
average spread between the five-year yield and the one-quarter yield has a standard error
of 0.13 percentage points.
payoffs of long bonds more than those of short bonds, agents require a
premium, or high yields, to hold them.
Panel A in table 6.1 also shows that the average nominal yield curve
in the data has more curvature than the curve predicted by the model.
A closer look reveals that the curvature in the data comes mostly from
the steep incline from the three-month maturity to the one-year matu-
rity. If we leave out the extreme short end of the curve, the model is bet-
ter able to replicate its average shape.
2 This idea is explored in the line
"Benchmark Model 1-5 year" where we select parameter values to
match the average one-year and five-year yields. The resulting param-
eter values are /? = 1.004 and y- 43. A potential explanation for the steep
incline in the data are liquidity issues that may depress short T-billsEquilibrium Yield Curves 409
relative to other bonds. These liquidity issues are not present in our
model.
In contrast, the expected utility model generates average nominal
yield curves that are downward sloping. For the case with expected
log utility, the negative slope is apparent from line three in Panel A. To
see what happens in the more general case with coefficient of relative
risk aversion y we need to re-derive the equation for expected excess
returns (18). The equation becomes
(20)
Figure 6.4 plots the individual terms that appear on the right-hand side
of this equation as a function of y. Most terms have negative signs and
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Risk Premia in the Expected Utility Model with Coefficient of Relative Risk Aversion /(in
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the covariance between inflation and expected future consumption
growth, covt(nt+1, Et+1I?7^yAct+1+). This term is positive, because of the
minus sign in equation (20) and the fact that positive inflation surprises
forecast lower future consumption growth. With a higher y the impor-
tance of this term goes up. However, as we increase y, the persistence
of consumption growth becomes more and more important, and the
real yield curve becomes steeply downward sloping. Since this effect is
quadratic in y it even leads to a downward-sloping nominal curve. The
intuitive explanation is that long real bonds have high payoffs precisely
when current and future expected consumption growth is low. This
makes them attractive assets to hold and so the real yield curve slopes
down. When /is high, this effect dominates also for nominal bonds.
3.5 Average Real Yields
At the preference parameters we report, the benchmark model also pro-
duces a downward sloping real yield curve. The short real rate is already
low, .84 percent, while long real rates are an additional .60 percentage
point lower. It is difficult to assess the plausibility of this property of
the model without a long sample on real yields for the United States.
In the United Kingdom, where indexed bonds have been trading for a
long time, the real yield curve seems to be downward sloping. Table
6B.3 reports statistics for these bonds. For the early sample (January
1983-November 1995), these numbers are taken from table 1 in Evans
(1998). For the period after that (December 1995-March 2006), we use
data from the Bank of England website. Relatedly, table 1 in Barr and
Campbell (1997) documents that average excess returns on real bonds
in the UK are negative.
In the United States, indexed bonds, so-called TIPS, have started
trading only recently, in 1997. During this time period, the TIPS curve
has been mostly upward sloping. For example, mutual funds that hold
TIPS—such as the Vanguard Inflation-Protected Securities Fund—have
earned substantial returns, especially during the early years. Based
on the raw TIPS data, J. Huston McCulloch has constructed real yield
curves. Table 6B.4 in Appendix B documents that the average real yield
curve in these data is upward sloping. The average real short rate is .8
percent, while the average five-year yield is 2.2 percent.
These statistics have to be interpreted with appropriate caution. First,
the short sample for which we have TIPS data and, more importantly,
the low risk of inflation during this short sample make it difficult toEquilibrium Yield Curves 411
estimate averages. Second, TIPS are indexed to lagged CPI levels, so
that additional assumptions are needed to compute ex ante real rates
from these data. Third, there have been only few issues of TIPS, so that
the data are sparse across the maturity spectyum. Finally, TIPS were
highly illiquid at the beginning. The high returns on TIPS during these
first years of trading may reflect liquidity premia instead of signaling
positive real slopes.
3.6 Volatility of Real and Nominal Yields
Table 6.2 reports the volatility of real and nominal yields across the
maturity spectrum. We only report one row for the benchmark recur-
sive utility model and the (log) expected utility model, because the two
models imply the same yield dynamics in equations (12) and (13). Panel
A shows that the benchmark model produces a substantial amount of
volatility for the nominal short rate. According to the estimated state
space model (19), changes in expected fundamentals—consumption
growth and inflation—are able to account for 1.8 percent volatility in
the short rate. This number is lower than the 2.9 percent volatility in the
data, but the model is two-thirds there. In contrast, the model predicts
a smooth real short rate. This effect is due to the low persistence of con-
sumption growth.
Panel A also reveals that the model predicts much less volatility for
long yields relative to short yields. For example, the model-implied
Table 6.2
Volatility of Yields (in % per year)
Panel A: Nominal Yields
Data
SE
Benchmark Model + Exp.
(Log)U
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Panel B: Real Yields
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five-year yield has a volatility of 1.1 percent, while the five-year yield
in the data has a volatility of 2.7 percent. While the volatility curve in
the data is also downward sloping, the slope of this curve is less pro-
nounced than in the model. This relationship between the volatility of
long yields relative to the volatility of short yields is the excess vola-
tility puzzle. This puzzle goes back to Shiller (1979) who documents
that long yields derived from the expectations hypothesis are not vola-
tile enough. According to the expectations hypothesis, long yields are
conditional expected values of future short rates. It turns out that the
persistence of the short rate is not high enough to generate enough
volatility for long yields. Shiller's argument applies to our benchmark
specification, because risk premia in equation (17) are constant, and the
expectations hypothesis holds. Below, we will show that our specifica-
tion with learning produces more volatility for long yields.
Panel B shows that the volatility curve of real bonds also slopes
down. Tables 6B.3 and 6B.4 in Appendix B show that this feature is also
present in the UK indexed yield data and the McCullogh real yields for
the United States.
3.7 Frequency Decompositions and the Monetary Experiment
To better understand the properties of the model, we use a band-pass
filter to estimate trend and cyclical components of yields. The filters iso-
late business-cycle fluctuations in yields that persist for periods between
one and a half and eight years from those that persist longer than eight
years. Figure 6.5 plots the various estimated components. The top left
panel shows the low frequency components of the model-implied short
rate as well as the observed short rate and inflation. The plots show that
the model captures the fact that the low frequency component in nomi-
nal yields is strongly correlated with inflation. At these low frequencies,
the main difference between model and data is the experience of the
mid 1980s. When inflation started to come down at the end of the 1970s,
nominal yields stayed high well into the 1980s. According to bench-
mark beliefs—which are estimated over the whole data sample and
which ignore parameter uncertainty—inflation forecasts came down
as soon as inflation started to decline. The basic mechanism behind
these changes in inflation expectations is persistence; since inflation is
close to a random walk, inflation forecasts for next quarter are close to
this quarter's value of inflation. As a consequence, inflation forecasts
in the early 1980s fell dramatically, right after inflation went down. InEquilibrium Yield Curves 413
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Figure 6.5
Low Frequency Components and Business Cycle Components of Nominal Yields and
Spreads. Top row of panels: nominal short rate in the data and the benchmark model
together with inflation. Bottom row of panels: nominal spread in the data and the bench-
mark model
the model, changes in the nominal short rate during this period are
driven by changes in inflation expectations, and so the short rate falls
as well. Below, we will explore how these findings are affected by learn-
ing.
The top right panel in figure 6.5 shows the business cycle movements
of the same three series: Nominal rate in data and model together with
inflation. At this frequency, the short rate is driven by the business cycle
movements in inflation. The model captures this effect, but does not
generate the amplitude of these swings in the data. The bottom right
panel in figure 6.5 shows the business cycle movements in data on the
spread and consumption growth together with those in the model. The
plot reveals that the three series are strongly correlated at this frequency.
In contrast, the bottom left panel shows that the series do not have clear
low-frequency components.414 Piazzesi and Schneider
3.8 Autocorrelation of Yields
Another feature of the benchmark model is that it does a good job in
matching the high autocorrelation of short and long yields as shown in
table 6.3. The autocorrelation in the nominal short rate is 93.6 percent,
while the model produces 93.4 percent. For the five-year nominal yield,
the autocorrelation in the model is 94.8 percent and only slightly under-
predicts the autocorrelation in the data, which is 96.5 percent. These
discrepancies are well within standard error bounds. As in the data,
long yields in the model are more persistent than short yields. These
findings are quite remarkable, because we did not use any information
from nominal yields to fit the dynamics of the state space system.
4 The Role of Investor Information
In the benchmark exercise of the previous section, the fundamen-
tals—inflation and consumption growth—play two roles. On the one
hand, they determine the pricing kernel: All relevant asset prices can
be written in terms of their conditional moments. On the other hand,
they represent investors' information set: All conditional moments are
computed given the past record of consumption growth and inflation,
and nothing else. This is not an innocuous assumption. It is plausible
that investors use other macroeconomic variables in order to forecast
consumption growth and inflation. Moreover, investors typically rely
Table 6.3
Autocorrelation of Yields
Panel A: Nominal Yields
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on sources of information that do not come readily packaged as statis-
tics, such as their knowledge of institutional changes or future mon-
etary policy.
In this section, we extend the model to accommodate a larger inves-
tor information set. In particular, we use yields themselves to model
agents' information. We proceed in two steps. First, we estimate an
unrestricted state space system of the type (19) that contains not only
consumption growth and inflation, but also the short rate and the yield
spread. At this stage, we ignore the fact that the model itself places
restrictions on the joint dynamics of these variables—the only purpose
of the estimation is to construct agents' information set. The second
step of the exercise is then the same as in the benchmark case: We com-
pute model-implied yields and compare them to the yields in the data.
The motivation for this particular way of modeling investor infor-
mation comes from the theoretical model itself. If the data were in fact
generated by a model economy in which yields are equal to investors'
expectations of consumption growth and inflation, our approach would
perfectly recover all investor information relevant for the analysis of
the yield curve. To illustrate, suppose that the short rate is given by
yWt = Et[Act+1 + KM I It] + constant,
where It is the investor information set, which contains past consump-
tion growth, inflation, and yields, but perhaps also other variables that
we do not know about.
Suppose further that our unrestricted estimation delivers the true
joint distribution of Acf+1, KM,yf
)% and yf-
0)%. The sequence of model-
implied short rates computed in the second step of our exercise, is then,
up to a constant,




The law of iterated expectations implies that this sequence should
exactly recover the data yf
$(1). A similar argument holds for the yield
spread. The series of model-implied yield changes would thus be
identical to yield changes in the data. In other words, if the benchmark
model replicates observed yield changes for some information struc-
ture under rational expectations, then it will generate observed yield
changes also under the particular information structure we consider
here.
The joint model of fundamentals and yields takes the same general
form as the system (19), except that it allows for four state variables and416 Piazzesi and Schneider
four observables, which implies that 42 parameters must be estimated.
Table 6A.2 in Appendix A contains these parameter estimates. Figure
6.6 compares the autocovariance functions of the four observables in
the data and for the estimated model. A first order state space structure
appears to do a reasonable job in capturing the joint dynamics of funda-
mentals and yields. According to these estimated dynamics, low short
rates and high spreads predict lower consumption growth. Moreover,
high short rates and low spreads predict high inflation rates. The key
question for our model is whether these real and nominal growth pre-
dictions arise from additional information contained in yields.
When we compute the model-implied short rate and term spread
with a "Large Info Set", they look very much like those from the bench-
mark. Figure 6.7 plots these series, together with the data and the
benchmark results. Summary statistics on model-implied yields from
this "Large Info Set" model are also included in tables 6.1 and 6.2. Inter-
estingly, average nominal yields in table 6.1 based on a "Large Info Set"
are somewhat lower than in the benchmark, when we evaluate the two
models at the same preference parameter values. The intuitive explana-
tion is that more information lowers risk in the model. Line 5 of table
6.1 rephrases this finding: If we want to match the average slope of the
nominal yield curve with a "Large Info Set," we need to rely on more
risk aversion, y = 85 instead of the benchmark value of y - 59, and a
similar discount factor j3 - 1.005. Nevertheless, the results are overall
very similar to the benchmark case. We conclude that not much is lost
by restricting the investor information set to contain only past inflation
and consumption growth.
The key point from this exercise is that the short rate and the yield
spread do not contain much more information about future consump-
tion growth and inflation than is already contained current and past
consumption growth and inflation. Another way to see this is to run
regressions of future real and nominal growth rates on current val-
ues of the four variables Act, nt, yf
(1)$, and yf
(20)$. In the one-step ahead
real growth regression, the coefficient on consumption growth is .26
with a t-statistic of 4.2 and the coefficient on inflation is -.11 with a t-
statistic of -1.85. (These t-statistics are based on Newey-West standard
errors.) The coefficients on yields are not significant and also economi-
cally tiny, around 0.0015. The R
2 in this regression is 16 percent. In four-
step ahead and eight-step ahead growth regressions, inflation becomes
more important, but yields remain insignificant. In the one-step ahead
nominal growth regression, we find the same pattern. The coefficientEquilibrium Yield Curves 417
on consumption is .21 with a t-stat of 2.5, the coefficient of inflation
is .58 with a t-stat of 5.1, and yields do not enter significantly. The R
2
of this regression is 31 percent. In the four-step ahead and eight-step
ahead nominal growth regressions, we get the same patterns. We can
conclude that the bivariate autocovariances between, say, current con-
sumption growth and lagged spreads in figure 6.6 do not survive in
multivariate regressions.
Our results may appear surprising in light of the observed volatility
in yields. On the one hand, one might have expected that it is always
easy to back out a latent factor from observed yields that generates a
lot of volatility in model-implied yields as well.
3 On the other hand, it
would seem easy to change the information structure of the model in
order to have information released earlier, again making conditional
expectations, and hence yields, more volatile. However, an important
feature of the exercise here is that we not only compute model-implied
yields from an Euler equation, but also check the correlation of model
implied and observed yields.
To see the difference between our exercise and other ways of deal-
ing with information unknown to the modeler, consider the following
stylized example. Assume that the true data generating process for con-
sumption growth is constant, while inflation and the short rate are both
i.i.d. with unit variance, but independent of each other. If we had per-
formed our benchmark exercise on these data, we would have found
an i.i.d. inflation process. With constant consumption growth and i.i.d.
inflation, computing the short rate from the Euler equation would have
delivered a constant model-implied nominal short rate, which is much
less volatile than the observed short rate.
Now consider two alternative exercises. Exercise A assumes that
investors' expected inflation is driven by a perceived "inflation target,"
which is backed out from the short rate (for simplicity, suppose it is
set equal to the short rate). Exercise B assumes that investors' expected
inflation is driven by a perceived inflation target that is equal to next
period's realized inflation. This exercise may be motivated by the fact
that investors read the newspaper and know more than past published
numbers at the time they trade bonds. Suppose further that both exer-
cises maintain the assumption that the Euler equation holds: Model-
implied short rates are computed as investors' subjective expected
inflation. Both exercises then generate model-implied short rates
that—when viewed in isolation—have exactly the same distribution as
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Covariance Functions from the State Space System Based on a "Large Info Set"—Con-
sumption Growth, Inflation, the Short Rate, and the Spread. Shaded areas indicate 2 x
standard errors bounds around the covariance functions from the data computed with
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The Upper Panel Plots the Nominal Short Rate in the Data and the Large-Info Set Model
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In spite of their success in generating volatility, both exercises miss
key aspects of the joint distribution of inflation and the short rate. In
Exercise A, model-implied expected inflation is independent of actual
inflation one period ahead, which is inconsistent with rational expecta-
tions. This happens because the inflation target is backed out from the
short rate, which here moves in the data for reasons that have nothing
to do with inflation or inflation expectations. In Exercise B, the model
implied short rate is perfectly correlated with inflation one period
ahead, while these variables are independent in the data.
The exercise of this section avoids the problems of either Exercise A
or B. If the first step estimation had been done using the example data,
we would have found independence of inflation and the short rate. As
a result, the model-implied short rate based on the estimated informa-
tion set would be exactly the same as in the benchmark case. The model
would thus again imply constant short rates. We would thus have cor-
rectly inferred that yields do not contain information about future infla-
tion and consumption growth, than is contained in the fundamentals
themselves. As a result, any model economy where the Euler equation
holds and beliefs are formed via rational expectations produces model-
implied yields that are less volatile than observed yields.
5 Learning
In the benchmark exercise of section 3, investor beliefs about funda-
mentals are assumed to be conditional probabilities of a process that
was estimated using all data through 2005. This approach has three a
priori unattractive properties. First, it ignores the fact that investors in,
say, 1980 only had access to data up to 1980. Second, it assumes that
agents believed in the same stationary model throughout the postwar
period. This is problematic given that the 1970s are often viewed as a
period of structural change. Indeed, the decade witnessed the first ever
peacetime inflation in the United States, the breakdown of leading mac-
roeconomic models, as well as significant innovation in bond markets.
Third, the benchmark beliefs were based on point estimates of the forc-
ing process, ignoring the fact that the parameters of the process itself
are not estimated with perfect precision, and investors know this.
In this section, we construct a sequence of investor beliefs that do not
suffer from the above drawbacks. We maintain the hypothesis that, at
every date t, investors form beliefs based on a state space system of the
form (19). However, we re-estimate the system for every date t using422 Piazzesi and Schneider
only data up to date t. To accommodate investor concern with struc-
tural change, we maximize a modified likelihood function that puts
more weight on more recent observations. To model investor concern
with parameter uncertainty, we combine the state space dynamics with
a Bayesian learning scheme about mean fundamentals.
5.1 Beliefs
Formally, beliefs for date t are constructed in three steps. We first remove
the mean from the fundamentals zt = (Act,7Tt) . Let v e (0,1) denote a
"forget factor" that defines a sequence of geometrically declining sam-
ple weights. The weighted sample mean for date t is
The sequences of estimated means for consumption growth and infla-
tion pick up the low frequency components in fundamentals.
5.1.1 Adaptive Learning In a second step, we estimate the state
space system (19) using data up to date t by minimizing the criterion
(22)
starting at xQ = 0. Maximum likelihood estimation amounts to the spe-
cial case v = 1; it minimizes the equally weighted sum of squared in-
sample forecast errors. In contrast, the criterion (22) penalizes recent
forecast errors more heavily than those in the distant past. Ljung and
Soderstrom (1987) and Sargent (1993) advocate this approach to adap-
tive learning in situations where the dynamics of a process may change
over time.
The forget factor v determines how quickly past data are down-
weighted. For most of our results, we use v = .99, which implies that the
data point from 17 years ago receives about one-half the weight of the
most recent data point. To allow an initial sample for the estimation, the
first belief is constructed for 1965:1. The analysis of yields in this section
will thus be restricted to the period since 1965. As in the benchmark
case, the estimation step not only delivers estimates for the matrices (j)x,
K, and Q, but also estimates for the sequence of states (xTYT=v starting
from xQ = 0. In particular, we obtain an estimate of the current state xtEquilibrium Yield Curves 423
that can be taken as the basis for forecasting future fundamentals under
the system estimated with data up to date t.
Figure 6.8 illustrates how the dynamics of consumption growth
and inflation has changed over time. In each panel, we plot estimated
impulse responses to consumption growth and inflation surprises, given
data up to the first quarter of 1968,1980, and 2005. In a rough sense, the
three selected years represent "extreme points" in the evolution of the
dynamics: Impulse responses for years between 1968 and 1980 would
for the most part lie in between the lines for these two years, and simi-
larly for the period 1980-2005. The response of real growth to a growth
surprise has not changed much over the years. In contrast, an inflation
surprise led to a much larger revision of inflation forecasts—at all hori-
zons—in 1980 than in 1968; the effect has diminished again since then.
Growth surprises also had a larger (positive) effect on inflation fore-
casts in 1980 than either before or after. While this is again true for all
forecast horizons, the effect of inflation surprises on growth forecasts
changed differently by horizon. For short horizons, it has decreased over
time; only for longer horizons is it largest in 1980. The bottom line is that
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both the persistence of inflation and its role as an indicator of bad times
became temporarily stronger during the great inflation of the 1970s.
Performing the estimation step for every date t delivers not only
sequences of parameter estimates, but also estimates of the current state
xt. Computing conditional distributions given xt date by date produces
a sequence of investor beliefs. The subjective belief at date t determines
investors' evaluation of future utility and asset payoffs at date t. We
thus use this belief below to calculate expectations of the pricing kernel,
that is, yields, for date t. In contrast to the benchmark approach, the
exercise of this section does not impose any direct restriction on beliefs
across different dates; for example, it does not require that all beliefs are
conditionals of the same probability over sequences of data. The updat-
ing of beliefs is thus implicit in the sequential estimation.
The model also does not impose a direct link between investor beliefs
and some "true data generating process," as the benchmark approach
does by imposing rational expectations. The belief at date t captures
investors' subjective distribution over fundamentals at date t. It is con-
strained only by past observations (via the estimation step), and not
by our (the modelers') knowledge of what happened later. At the same
time, our approach does impose structural knowledge on the part of
investors: Their theory of asset prices is based on the representative
agent preferences that we use.
5.1.2 Parameter Uncertainty The third step in our construction of
beliefs introduces parameter uncertainty. Here we focus exclusively
on uncertainty about the estimated means. Our goal is to capture the
intuition that, in times of structural change, it becomes more difficult to
distinguish permanent and transitory changes in the economy. We thus
assume that, as of date t, the investor views both the true mean fiz and
the current persistent (but transitory) component xt as random. The dis-
tribution of zt can be represented by a system with four state variables:
] + 1 (23)
The matrices (f>x, K, and Q, are assumed to be known and are taken from
the date t estimation step.
In order to describe investors' perception of risk, it is helpful to rewrite
(23) so that investors—conditional expectations—rather than the unob-Equilibrium Yield Curves 425
servables /iz and x—are the state variables. Let fiz(r) and xT denote inves-
tors' expectations of juz and xf respectively, given their initial knowledge
at date t as well as data up to date r. We can rewrite (23) as
(24
)
where er+l is investors' one step ahead forecast error of the data zr+r
The matrices K (T+ 1) and Kz(r+ 1) can be derived by applying Bayes'
Rule. They vary over time, because the learning process is nonstation-
ary. Early on, the investor expects to adjust his estimate of, say, mean
inflation, a lot in response to an inflation shock. As time goes by, the
estimate of the mean converges, and the matrix K converges to zero,
while the matrix Kz reverts to the matrix K from (19).
To complete the description of investors' belief, it remains to specify
the initial distribution of fiz and xt at date t. We assume that these vari-
ables are jointly normally distributed, with the mean of \iz given by the
point estimate (21) and the mean of xt given by its point estimate from
the date t estimation step. To specify the variance, we first compute the
weighted sum of squares
(25)
This provides a measure of overall uncertainty that the investor has
recently experienced. We then compute the variance of the estimates
{jlz (t), xt) under the assumption that the system (24) was initialized at
some date t - n, at a variance of Zz(f) for jiv{t - n) and a variance of zero
for*t-n-
The idea here is to have investors' relative date t uncertainty about
Hz and x depend not only on the total variance in recent history, cap-
tured by £z(£), but also by the nature of recent dynamics, captured by
the estimation step. For example, it should have been easier to dis-
entangle temporary and permanent movements in inflation from the
data if inflation has been less persistent recently. The above procedure
captures such effects. Indeed, the main source of variation in investor
beliefs for this exercise comes from the way the estimated dynamics
of figure 6.8 change the probability that an inflation surprise signals a
permanent change in inflation. The patterns for yields we report below
remain essentially intact if we initialize beliefs at the same variance Zz426 Piazzesi and Schneider
for all periods t. Similarly, the results are not particularly sensitive to
the choice of n. For the results below, we use n = 25 years.
The presence of parameter uncertainty adds permanent components
to the impulse responses of growth and inflation surprises. This is
because a surprise e changes the estimate of the unconditional mean,
which is relevant for forecasting at any horizon. The direction of change
is given by the coefficients in the K matrices. In particular, the matrix
K (t) will determine investors' subjective covariances between fore-
casts of growth and inflation in period t + 1 - the key determinants of
risk premia in the model. For the typical date t, the coefficients in KJ^t)
reflect similar correlation patterns as the impulse responses in figure
6.9. Growth surprises increase the estimates of both mean growth and
mean inflation. Inflation surprises affect mean inflation positively, and
mean growth negatively.
5.2 Yields
To compute yields, we evaluate equation (11), where all conditional
means and variances for date t are evaluated under the date t subjec-
tive distribution. The results are contained in table 6.4 and figure 6.9,
which shows realized yields predicted by the model. We report two
Table 6.4























































Note: The implications of the learning models can only be studied from 1965:1 onwards,
because we need some initial observations to start the algorithms.Equilibrium Yield Curves 427
types of results. The results in table 6.4 allow only for adaptive learn-
ing, without parameter uncertainty. For this case, we select the prefer-
ence parameters so that the model matches the mean short rate and
term spread, as for the previous exercises. Model-implied yields from
an example with parameter uncertainty are presented in figure 6.9.
Implementing the case of parameter uncertainty for patient investors
(/? > 1) requires us to choose a third parameter, the planning horizon
T. To see why, consider how continuation utility (4) enters the pricing
kernel (6). Utility next quarter depends on next quarter's forecasts of
future consumption growth, up to the planning horizon. As discussed
above, the case of parameter uncertainty adds a permanent compo-
nent to the impulse response of, say, an inflation surprise: An inflation
surprise next quarter will lower expected consumption growth for all
quarters up to the planning horizon. The "utility surprise" vM - EtvM
therefore depends on the length of the planning horizon. Intuitively, an
investor who lives longer and cares more strongly about the future, is
more affected by the outcomes of future learning.
4
It follows that, for patient investors with a long planning horizon,
the effect of risk on utility can be as large (or larger) as the effect of
mean consumption growth and inflation. Since parameter uncertainty
becomes the main driver of risk premia in this case, the planning hori-
zon and the risk aversion coefficient have similar effects on the model
results. For the results below, we use T - 25000 years and y- 4, together
with J3 = 1. At these parameter values, the model has interesting impli-
cations for the behavior of the short rate and spread during the mon-
etary experiment.
5.2.1 Adaptive Learning The short rate in the economy with adap-
tive learning (not shown) behaves similarly to that in the benchmark
model as long as there is little turbulence—the 1960s and early 1970s,
and the 1990s. However, the model generates significantly higher short
rates during the monetary experiment and also somewhat higher rates
during the mid-1980s. The new movements are brought about by
changes in the dynamics. In particular, the investor's subjective covari-
ance between inflation and future expected consumption increased a
lot around 1980. This development was not just due to inflation vola-
tility: The correlation between inflation and future consumption also
increased. As the stagflation experience of the 1970s made its way into
the beliefs of adaptive learners, our basic "inflation as bad news" mech-
anism was thus reinforced.428 Piazzesi and Schneider
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Figure 6.9
The Upper Panel Plots the Nominal Short Rate in the Data and the Model with Param-
eter Uncertainty Together with the Benchmark Results, While the Lower Panel Plots the
Nominal SpreadEquilibrium Yield Curves 429
Since inflation became such an important carrier of bad news, the
1980s not only increased the inflation premium on short bonds in the
adaptive learning economy, but also introduced large spikes in the term
spread. In the data, the high short rates of 1980 were accompanied by
historically low term spreads. In contrast, the adaptive learning model
generates a large term spread, for the same reason as it generates high
short rates. Apart from this outlier, the model economy does exhibit a
low frequency trend in the spread, with higher spreads after the 1980s
than before.
Model implied yields from the adaptive learning economy are remark-
ably similar to the benchmark model immediately after the monetary
experiment ended. The reason is that inflation forecasts from both mod-
els drop immediately as inflation itself comes down. This result is quite
robust to alternative specifications of the learning scheme, obtained
for example by changing the forget rate or switching from geometric
downweighting to a rolling window approach. We conclude that learn-
ing does not induce inertia in inflation forecasts; that can explain why
interest rates remained high in the early 1980s.
5.2.2 Parameter Uncertainty The results with parameter uncertainty
also look very different in the early 1980s compared to other years. The
short rate tracks the benchmark until the late 1970s. However, it then
peaks at a higher rate in 1981 and it remains high thereafter. Parameter
uncertainty thus generates the sluggish adjustment of yields at the end
of the monetary experiment. The economy with parameter uncertainty
also exhibits a transition of the spread from negative values in the late
1970s to historically high values throughout the first half of the 1980s.
A similar transition took place in the data. Towards the end of the sam-
ple, yields and spreads come down again; especially for the latter, the
decline is more pronounced than in the data.
5
Importantly, this is not due to sluggish inflation expectations: By
design, inflation forecasts are the same in the adaptive learning and
the parameter uncertainty exercises. Instead, the role of inflation as bad
news is here enhanced by the difficulty investors face in disentangling
permanent from transitory moves in inflation. The increase in param-
eter uncertainty through the 1970s implies that, in the early 1980s, there
is a greater chance that an inflation surprise signals a permanent shift
in inflation that would generate bad news. Since the (subjective) means
of inflation and consumption growth are also negatively correlated, the430 Piazzesi and Schneider
inflation surprise would generate permanent bad news. For a patient
investor, we obtain large movements in risk premia.
6 Related Literature
The literature on the term structure of interest rates is vast. In addition
to a substantial body of work that documents the behavior of short and
long interest rates and summarizes it using statistical and arbitrage-free
models, there are literatures on consumption based asset pricing mod-
els, as well as models of monetary policy and the business cycle that
have implications for yields. There is also a growing set of papers that
documents the importance of structural change in the behavior of inter-
est rates and the macroeconomy. We discuss these groups of papers in
turn.
6.1 Statistical and Arbitrage-Free Models
Average nominal yields are increasing and concave in maturity. Excess
returns on nominal bonds are positive on average and also increasing
in maturity. They are also predictable using interest rate information
(Fama and Bliss 1987, Campbell and Shiller 1991). The latter fact con-
tradicts the expectations hypothesis, which says that long rates are
simply averages of expected future short rates, up to a constant. The
expectations hypothesis also leads to an "excess volatility puzzle" for
long bond prices, which is similar to the excess volatility of stock prices:
Under rational expectations, one cannot reconcile the high volatility of
nominal rates with observed persistence in short rates (Shiller 1979). A
related literature documents "excess sensitivity" of long rates to par-
ticular shocks, such as macroeconomic announcements (Gurkaynak,
Sack, and Swanson 2005).
Another stylized fact is that nominal yields of all maturities are
highly correlated. Litterman and Scheinkman (1991) have shown that
a few principal components explain much of the variation in yields.
For example, in our quarterly postwar panel data, 99.8 percent of the
variation is explained by the first and second principal components.
Here the elephant in the room is the first component, which alone cap-
tures 98.2 percent of this variation and stands for the "level" of the
yield curve. The second component represents changes the "slope" of
the curve, while the third principal component represents "curvature"
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This fact has motivated a large literature on arbitrage-free models of
the term structure. The goal here is to summarize the dynamics of the
entire yield curve using a few unobservable factors. Recent work in this
area explores the statistical relationship between term structure factors
and macroeconomic variables. For example, the arbitrage-free model
in Ang, Piazzesi, and Wei (2006) captures the role of the term spread
as a leading indicator documented by the predictive regressions sur-
veyed in Stock and Watson (1999). In this work, the only cross-equation
restrictions on the joint distribution of macro variables and yields come
from the absence of arbitrage.
In the present paper, our focus is on cross-equation restrictions
induced by Euler equations, which directly link yields to conditional
moments of macroeconomic variables. In particular, we focus on prop-
erties of the short rate and a single yield spread and use these to link
the level and slope of the yield curve to inflation and the business cycle.
The rational expectations exercises in sections 3 and 4 also impose the
expectations hypothesis through our assumptions on preferences and
the distribution of shocks. While this implies that the model econo-
mies do not exhibit predictability and excess volatility of long yields,
they are useful for understanding the macro underpinnings of average
yields as well as the volatility of the level factor, which accounts in turn
for the lion's share of yield volatility. The learning exercises in section
5 do generate predictability in yields because of time variation in per-
ceived risk.
6.2 Consumption-Based Asset Pricing Models
The representative agent asset pricing approach we follow in this paper
takes the distribution of consumption growth and inflation as exog-
enous and then derives yields from Euler equations. Early applications
assumed power utility. Campbell (1986) shows analytically that posi-
tive serial correlation in consumption growth and inflation leads to
downward sloping yield curves. In particular, term spreads on long
indexed bonds are negative because such bonds provide insurance
against times of low expected consumption growth. Backus, Gregory,
and Zin (1989) document a "bond premium puzzle": Average returns
of long bonds in excess of the short rate are negative and small for coef-
ficients of relative risk aversion below ten. Boudoukh (1993) considers
a model with power utility where the joint distribution of consumption
growth and inflation is driven by a heteroskedastic VAR. Again, term432 Piazzesi and Schneider
premia are small and negative. The latter two papers also show that
heteroskedasticity in consumption growth and inflation, respectively,
is not strong enough to generate as much predictability in excess bond
returns as is present in the data. Chapman (1997) documents that ex-
post real rates and consumption growth are highly correlated, at least
outside the monetary policy experiment.
Our results show that the standard result of negative nominal term
spreads is overturned with recursive utility if inflation brings bad
news. The form of recursive utility preferences proposed by Epstein
and Zin (1989) and Weil (1989) has become a common tool for describ-
ing investors' attitudes towards risk and intertemporal substitution.
Campbell (1999) provides a textbook exposition. An attractive feature
of these preferences is that they produce plausible quantity implica-
tions in business cycle models even for high values of the coefficient of
relative risk aversion, as demonstrated by Tallarini (2000). Bansal and
Yaron (2004) show that a model with recursive utility can also generate
a high equity premium and a low risk free rate if consumption growth
contains a small, but highly persistent, component. They argue that,
even though empirical autocovariances of consumption growth do not
reveal such a component, it is hard to refute its presence given the large
transitory movements in consumption growth.
Our benchmark rational expectations exercise postulates a consump-
tion process parameterized by our maximum likelihood point esti-
mates. As a result, the autocovariances of consumption growth in our
model are close to their empirical counterparts. The effects we derive
are mostly due to the forecastability of consumption growth by infla-
tion, again suggested by our point estimates. Our learning exercise with
parameter uncertainty plays off the fact that permanent and persistent
transitory components can be hard to distinguish.
The literature has also considered utility specifications in which
current marginal utility depends on a mean-reverting state variable.
In habit formation models as well as in Abel's (1999) model of "catch-
ing up with the Joneses," marginal utility not only depends on current
consumption but also on consumption growth which is mean revert-
ing. The presence of a mean-reverting state variable in marginal utility
tends to generate an upward sloping yield curve: It implies that bond
prices (expected changes in marginal utility) are negatively correlated
with marginal utility itself. Since bonds thus pay off little precisely in
times of need (when marginal utility is high), they command a pre-
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up with the Joneses showed that short real interest rates become very
volatile when the models are calibrated to match the equity premium.
Campbell and Cochrane (1995) introduce a model in which marginal
utility is driven by a weighted average of past innovations to aggre-
gate consumption, where the weight on each innovation is positively
related to the level of the marginal utility. With this feature, low current
marginal utility need not imply extremely high bond prices, since the
anticipation of less volatile weighted innovations in the future discour-
ages precautionary savings and lowers bond prices. In their quantitative
application, Campbell and Cochrane focus on equity and short bonds,
and pick the weight function so that the real riskless rate is constant and
the term structure is flat. Wachter (2006) instead picks the weight func-
tion to match features of the short rate dynamics. In a model driven by
i.i.d. consumption growth and an estimated inflation process, she shows
that this approach accounts for several aspects of yield behavior, while
retaining the results for equity from the Campbell-Cochrane model.
6
6.3 Monetary and Business Cycle Models
The consumption based asset pricing approach we follow in this paper
assumes a stochastic trend in consumption. In contrast, studies in the
business cycle literature often detrend real variables, including con-
sumption, in a first step and then compare detrended data to model
equilibria in which the level of consumption is stationary. This dis-
tinction is important for the analysis of interest rates, since the pricing
kernel (6), derived from the Euler equation, behaves very differently if
consumption is stationary in levels or trend stationary (Labadie 1994)7
Alvarez and Jermann (2005) have shown that a permanent component
must account for a large fraction of the variability of state prices if there
are assets that have large premia over long-term bonds, as is the case
in the data. A stochastic trend in consumption directly induces a large
permanent component in real state prices.
Recently various authors have examined the term-structure impli-
cations of New Keynesian models. The "macro side" of these models
restricts the joint distribution of output, inflation and the short nominal
interest rate through an Euler equation—typically allowing for an effect
of past output on current marginal utility as well as a taste shock—, a
Phillips curve and a policy reaction function for the central bank. Lon-
ger yields are then linked to the short rate via an exogenous pricing
kernel (Rudebusch and Wu 2005, Beechey 2005) or directly through434 Piazzesi and Schneider
the pricing kernel implied by the Euler equation (Bekaert, Cho, and
Moreno 2005, Hordahl, Tristani, and Vestin 2005, Ravenna and Seppala
2005). Our model differs from these studies in that it does not put theo-
retical restrictions on the distribution of the macro variables and does
not allow for taste shocks.
Our model assumes frictionless goods and asset markets. In partic-
ular, there are no frictions associated with the exchange of goods for
assets, which can help generate an upward sloping yield curve. For
example, Bansal and Coleman (1996) derive a liquidity premium on
long bonds in a model where short bonds are easier to use for transac-
tions purposes. Alvarez, Atkeson, and Kehoe (1999) show that money
injections contribute to an upward sloping real yield curve in a lim-
ited participation model of money. This is because money injections
generate mean reversion in the level of consumption of bond market
participants. Seppala (2004) studies the real yield curve in a model with
heterogeneous agents and limited commitment. He shows that incom-
plete risk sharing helps to avoid a bond premium puzzle.
6.4 Learning
Our learning exercise builds on a growing literature that employs
adaptive learning algorithms to describe agent beliefs. This literature
is surveyed by Evans and Honkapohja (2001). Empirical applications
to the joint dynamics of inflation and real variables include Sargent
(1999) and Marcet and Nicolini (2003). Carceles-Poveda and Giannit-
sarou (2006) consider a Lucas asset pricing model where agents learn
adaptively about aspects of the price function. In these studies, learn-
ing often concerns structural parameters that affect the determination
of endogenous variables. In our setup, investors learn only about the
(reduced form) dynamics of exogenous fundamentals; they have full
structural knowledge of the price function. Another feature of many
adaptive learning applications is that standard errors on the re-esti-
mated parameters are not taken into account by agents. In our model,
standard errors are used to construct subjective variances around the
parameters and investors' anticipation of future learning is an impor-
tant determinant of risk premia.
Learning has been applied to the analysis of the term structure by
Fuhrer (1996), Kozicki and Tinsley (2001), and Cogley (2005). In these
papers, the expectations hypothesis holds under investors' subjective
belief, as it does in our model. Fuhrer's work is closest to ours in thatEquilibrium Yield Curves 435
he also considers the relationship between macrovariables and yields,
using an adaptive learning scheme. However, the link between yields
and macroeconomic variables in his model is given by a policy reaction
function with changing coefficients, rather than by an Euler equation
as in our setting. His paper argues that changing policy coefficients
induce expectations about short rates that generate inertia in long rates
in the 1980s. In other words, inertia is due to changing conditional
means. This is different from our results, where interest rates are tied to
expected consumption growth and inflation. This is why, in the context
of our model, changes in conditional variances are more important.
Kozicki and Tinsley (2001) and Cogley (2005) use different learning
models to show that the expectations hypothesis may seem to fail in
the data even if it holds under investors' subjective belief. Kozicki and
Tinsley consider an adaptive learning scheme, while Cogley derives
beliefs from a Bayesian VAR with time-varying parameters for yields,
imposing the expectations hypothesis. Regime-switching models of
interest rates deal with some of the same stylized facts on structural
change as learning models. (For a survey, see Singleton 2006.) A key
property is that they allow for time variation in conditional variances.
Since this is helpful to capture the joint movements of inflation and the
short rate, regime switching is a prominent feature of statistical models
that construct ex ante real rates from inflation and nominal yield data.
Veronesi and Yared (2001) consider an equilibrium model of the term
structure with regime switching and power utility.
7 Conclusion
We see at least two interesting tasks for future research. The first is to
understand better the sources of yield volatility at business cycle fre-
quencies. While some of the models presented in this paper exhibit sub-
stantial volatility, and do quite well on low frequency movements in
interest rate levels, none of them exhibits as much volatility at business
cycle frequencies as we find in the data, especially for the yield spread.
One natural extension of our benchmark rational expectations model
is to capture nonlinear features of the inflation process through regime
switching or other devices that allow conditional heteroskedasticity.
In addition to generating more volatility, this might have interesting
implications for the predictability of excess long bond returns. To eval-
uate rational expectations models, the analysis in section 4—where we436 Piazzesi and Schneider
capture investors' information using asset prices in a first step before
computing model implied yields—provides a way to evaluate many
different information structures at the same time.
A second task is to develop further models in which changes in uncer-
tainty have first order effects on interest rates. We have provided one
example of such a model and have shown that it holds some promise
for understanding why interest rates were high in the 1980s, although
inflation expectations were low. However, more work is needed to rec-
oncile the learning process with interest rates during other periods,
and to integrate it more tightly with survey expectations. To this end,
the tractable approach to learning that we consider in section 5—com-
bining adaptive learning and parameter uncertainty—is less involved
than a full Bayesian learning setup, but can nevertheless capture both
agents' understanding of the future dynamics of fundamentals and
agents' confidence in how well they understand these dynamics.
Endnotes
1. To see this, we can write the excess return as
P\:f - VT - V?





] - (n - W£> - yj">).
For large n and a long enough sample, the difference between the average (n - l)-period
yield and the average n-period yield is zero.
2. We are grateful to John Campbell for this suggestion.
3. Indeed, the quarterly variation in bond yields is well explained using a statistical fac-
tor model with only two latent factors, or principal components. Intuitively, the lion share
of the movements in nominal yields is up/down movements across the curve. The first
principal component of yields captures these so-called "level" movements which explain
98.22 percent of the total variation in yields. An additional 1.58 percent of the movements
in yields is captured by the second principal component, which represents movements
in the slope of the curve. Together, "level" and "slope" explain almost all, 99.80 percent,
of the variation in yields.
4. This effect is not present without parameter uncertainty, because the random com-
ponent of future consumption growth forecasts then converges to zero with the forecast
horizon. Therefore, as long as the planning horizon is long enough, it does not matter for
the utility surprise even if [} > 1.
5. The parameter uncertainty model also generates low spreads at the beginning of the
sample. As for the adaptive learning model, the behavior in this period is driven in part
by the fact that the samples used in the sequential estimation are as yet rather short.
6. The New Keynesian model of Bekaert, Cho, and Moreno (2005) assumes "catching up
with the Joneses" together with a taste shock to marginal utility. This is another way to
reconcile the behavior of yields with a habit formation model.Equilibrium Yield Curves 437
7. In particular, if consumption reverts to its mean, "good" shocks that increase con-
sumption lead to lower expected consumption growth and hence lower real interest rates
and higher real bond prices. This is exactly the opposite of the effect discussed in section
2, where "good" shocks that increase consumption growth leads to higher expected con-
sumption growth and hence higher real interest rates and lower bond prices.
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Appendix
A Estimation of the State Space System
Given the normality assumption on the disturbance vector et+1, the log likeli-
hood function of the vector zt+l is easily derived as the sum of log Gaussian
conditional densities. In setting up these conditional densities, we compute the
state vector xt recursively as xt = <\>xt_x + <PxK(zt - xtl) starting with x0 = 0. The resulting parameter estimates are reported in tables 6A.1 and 6A.2. The data are
in percent and sampled at a quarterly frequency, 1952:2-2005:4. For example,
this means that fic - 0.823 represents a mean annualized consumption growth
rate of 0.823 x 4 = 3.292 percent. We de-mean the series for the estimation, which
is why we do not report standard errors for the means.
The dotted lines in figure 6.1 are 2 x standard error bounds computed using
GMM. We use these bounds to answer the question whether the point estimate
of the covariance function from the model is within standard error bounds
computed from the data, without imposing the structure from the model. For
each element of the covariance function, we estimate a separate GMM objective
function. For example, we use moments of the type h(t, 9) = (Ac(- //.)(Acfl - //c)
- 9 or h(t,9') = (Acf- fJ-)(nt_x - n) - 9'. We compute the GMM weighting matrix
with 4 Newey-West lags.
B UK and U.S. Evidence on Real Bonds
Table 1 in Evans (1998) reports means, volatilities, and autocorrelations for UK
indexed yields for the monthly sample January 1983-November 1995. The Bank
Table 6A.1
Maximum Likelihood for Benchmark
j«2 chol(Q) <j>x (f>xK
Ac 0.823
n 0.927
Note: This table contains the parameter estimates for the "Benchmark" system
where zM = (Ac(+1, nM)
T- The system starts at xQ = 0. "chol(r2)" is the Cholesky decomposi-
tion of var(ef+1) = Q. Brackets indicate maximum-likelihood asymptotic standard errors
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Table 6A.2



















































































































Note: This table contains the parameter estimates for the "Large Info Set" system
Z(+l = i"z +
 X, +
 eM
x1+1 = <pxxt + <pxKeM
where zM = (Ac(+1, ;r(+1, y ^ y™
$ - y^V- Th
e system starts at xg = 0. "chol(£2)" is the Cholesky decompo-
sition of var(e(+1) = Q. The data are in percent and sampled quarterly, 1952:2 to 2005:4. Standard errors
are computed from the Hessian.
of England posts its own interpolated real yield curves from UK indexed yields.
The sample of these data starts later and has many missing values for the early
years, especially for short bonds. Panel A in table 6B.3. therefore reproduces
the statistics from table 1 in Evans (1998) for the early sample. Panel B in table
6B.3 reports statistics based on the data from the Bank of England starting in
December 1995.
The data from the Bank of England can be downloaded in various files from
the website http://www.bankofengland.co.uk/statistics/yieldcurve/index.
htm. The data are daily observations. To construct a monthly sample, we take
the last observation from each month. The shortest maturity for which data are
available consistently is two and a half years. There are a few observations on
individual maturities missing. We extrapolate these observations from observa-
tions on yields with similar maturities.442 Piazzesi and Schneider
Table 6B.3
U.K. Indexed Bonds
Panel A: January 1983-November 1995



















Panel B: December 1995-March 2006
2

























J. Huston McCullogh has constructed interpolated real yield curves from TIPS data. His
website http://www.econ.ohio-state.edu/jhm/ts/ts.html has monthly data that start
in January 1997. Table 6B.4 reports the properties of these real yields together with the
McCullogh nominal yields from January 2000 until January 2006.
Table 6B.4
McCullogh Data
Panel A: Real Yield Curve
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1 Introduction
Section 1 of this discussion reviews the analysis of Piazzesi and Sch-
neider (2006) (hereinafter PS). Section 2 analyzes alternative preference
specifications. Section 3 derives term-structure implications using stan-
dard preferences but with a fractional integrated process for the infla-
tion rate. Section 4 concludes pointing out some statistical evidence on
term-structure data that needs to be further analyzed.
No-arbitrage theory is based on the existence of some discount fac-
tor Mf+1, between generic periods t and t + 1, such that the return R't+1
of a generic asset j, between the same periods, satisfies the following
moment condition
Et[R't+lMtJ = 1. (1)
For a zero-coupon bond the return is given by the change between peri-
ods in the price of the bond. Let Pn t denote the price at time t of a nomi-
nal bond with n-periods to maturity, (1) can be written as
= 1.
Since the price of a zero-coupon bond at maturity is equal to 1, i.e, Pot = l,
it is possible to write the price of a bond with n-periods to maturity as
n,t t
L f+1 t+2 t+3 t+n
1
The yield to maturity on a bond with rc-periods to maturity is defined
as444 Benigno
The theory of the term structure is nothing more than a theory of the
stochastic discount factor. To have a model of the term structure that
represents the data, it is necessary to specify a process {Mt}. This is the
approach used in most of the term-structure literature in finance (see,
among others, Dai and Singleton 2003).
PS disentangle the problem using two steps. First, they specify the
consumption preferences of some agent in the economy and derive the
nominal stochastic discount factor based on these preferences. Prefer-
ences depend on macro variables, and consequently, so will the sto-
chastic discount factor. Second, they estimate processes for the macro
variables that make up the stochastic discount factor. In doing so, they
are able to specify a process for the stochastic discount factor to have a
model of the term structure that can be compared to the actual data.
Special to this procedure is that it is able to provide explanations
regarding whether macro variables are important in driving term struc-
ture and whether preferences assumed in macro models are consistent
with financial data.
Their first step consists of specifying preferences using a general
family of isoelastic utility derived from the work of Kreps and Porteus
(1978) and Epstein and Zin (1989). These preferences do not confuse
behavior toward risk with that of intertemporal substitution as in the
standard expected utility model. This makes it possible to distinguish
the intertemporal elasticity of substitution from the risk-aversion coef-
ficient.
1 PS fix the intertemporal elasticity of substitution to a unitary
value which, together with other assumptions, has the advantage of
implying a linear-affine model of the term structure. Utility at time t
given by Vt is defined recursively as
i
where /is the risk-aversion coefficient and f3 is the intertemporal dis-
count factor.
2
An important implication of the work of Tallarini (2000) is that risk
aversion can be set as high as needed without significantly affecting the
relative variabilities and simultaneous movements of aggregate quan-
tity variables in a business-cycle model.
Under this preference specification the nominal stochastic discount




while its log implies
£-
1AcM+j (3)
where lower-case variables denote the log of the respective uppercase
variable; and nt is the inflation rate defined as nt = In Pt /In Pf r It is possible to make predictions about the term structure simply by
specifying the processes for consumption growth and inflation since
the stochastic discount factor depends only on these two variables. Let










Matrices and vectors are presented in their paper and the variance-
covariance matrix of the innovation et is given by Q. One of the main
findings of PS is that this two-step procedure is successful in reflecting
statistical properties of the yield curve, especially for the average yield
curve.
This discussion will first analyze the implications of alternative
preference specifications given the estimated process and then
moves to analyze an alternative process given standard preference
specifications.
2 Preferences
2.1 What Is Preventing the Standard Expected Utility Model
from Working?
Under the standard isoelastic expected utility model with preferences
given by
the nominal stochastic discount factor is446 Benigno
where p is the risk-aversion coefficient which now coincides with the
inverse of the intertemporal elasticity of substitution. In this case, the
price of a bond with w-periods to maturity can be written as
This price can be relatively low either when future prices or consump-
tions are expected to be relatively high. Under these conditions future
marginal utility of nominal income is low. Agents dislike assets that pay
when they do not need extra nominal income. The prices of these assets
will be relatively low and agents require a premium to hold them. Fol-
lowing this line of reasoning, nothing should prevent standard pref-
erences from reproducing, at least, the upward-sloping average yield
curve dictated by the data. However, this is not the case under the esti-
mated processes (4) and (5).
The first problem one can expect to face when working with standard
preferences is in matching moments of the short-term interest rate ix t.
This is given by
—r r+1 h,t = - ^ P + P
EAcM + Et7tM - £- varf AcM - - vart nM
-pcovt(AcM,xM)
which implies an unconditional mean
2 i
When the values of the parameters ft and p, along with the vector of
means uz and the variance-covariance matrix Q from the estimated sys-
tem (4) and (5) are known, it is possible to calculate a value for the
unconditional mean. The estimated variance-covariance matrix does
not play a large role in (7) since its magnitude is negligible compared to
the means. According to the data jic = 3.29 percent and \in = 3.70 percent.
In order for the unconditional mean of the short-term rate ^ = 5.15 per-
cent to reflect the data, either /? should be greater than one or p, the risk-
aversion coefficient, should be less than one. If /? is not allowed to be
greater than one and is set arbitrarily at 0.999, then p should be 0.32.
3
This means that when the first point of the model average yield curve
corresponds to the data, all the parameters are already tied down, mak-
ing it harder for the model to match other facts as the upward-slopingComment 447
average yield curve. Indeed for these parameters and processes, the
risk-premia on holding long-term maturity bonds is negative and not
positive. The no-arbitrage condition (1) implies that the expected log
excess return on a bond with n-periods to maturity (ern t) corrected for
Jensen inequality term is given by
~ ht = ~ ( ) 2 h,t
Assets that command a positive risk-premium are those of which
their return covaries negatively with the discount factor. In particular,
for a zero-coupon bond with n-periods to maturity the between-period
return is given by rn M = pn M - pn t. Under the assumptions (4), (5), and (6) bond prices are linear affine in the state vector x
pnt = -A(n)-B(n)'xt
where
A(n) = A(n -1) - In p + v% - - [B'{n - l)<j>xK + u'p[B'(n - l)(f)xK + v']'
B(ny = B(n-l)'<t)x+v'
v' = [p 1].
It follows that the expected excess return on a bond with n-periods to
maturity is given by
ernt=-B(n-lY0xKnv
which given their estimated matrixes is slightly negative for all maturi-
ties. This explains the downward-sloping trend of the average yield
curve shown in the third line of table 6.5.
Table 6.5

















































The preference specification (3) used by PS adds an extra factor to
standard preferences that allows for greater flexibility. Under these
preferences, the prices of the bonds with different maturities are still
linear-affine, but
A(n) = A{n -1) - In /3 + z>2 + - (y -1)
2 e[ZQZ'el +
- - [B'(n -1) + V + (y - l)e[Z]Q[B\n -1) + V + (y - l)e[Z]'
and
with
i' = [l 1] e[=[l 0]
The expected excess return is given by
ernt = -B(n - l)'ipxKQi - (y - l)B(n - \)'§
which shows an additional term that helps to generate a positive risk
premium. This new term is multiplied by the risk-aversion coefficient,
which can be freely moved to produce an upward-sloping average
yield curve, as shown in the second line of table 6.5.
4
As discussed in Cochrane (2006), drawing empirical facts from finan-
cial data using a stochastic discount factor based on consumer prefer-
ences requires that additional factors be added to the standard expected
utility model. I will now investigate the implications for the yield curve
of traditional extensions to standard preferences which have been used
to explain the equity-premium puzzle.
2.2 Habit Model As in Abel (1990)
Consider the model proposed by Abel (1990) in which the utility func-
tion is given by
T=t
where the utility flow does not only depend on individual consump-
tion, but on consumption relative to past aggregate consumption. ThisComment 449
model can be interpreted as a relative habit model, or better as a "keep-
ing up with the Joneses" model. The parameter 6 measures the impor-
tance of others' aggregate consumption and is such that when 0=0,
standard isoelastic expected-utility preferences are nested. The nomi-
nal stochastic discount factor implied by these preferences is
"P / n \0(1-P) n
C ) \ C ) P '
My V M )
 1t+\
from which it follows that the short-term interest rate is given by
h,t = - In 0 + pEt Act+1 + 0(1 - p)Acr + Etnr+1 - £- varf Act+1 - - vart nM
-pcovt(Act+1,nt+l)
and its unconditional mean by
t~K ry ~ C ry " 11 f ~ CK '
Assuming that 0 = 1, it is now possible to increase the value of the
risk-aversion coefficient without necessarily increasing the uncondi-
tional mean of the short-term rate. This will increase the risk-premium
and generate an upward sloping yield curve. In particular, set j3 = 0.999
and p = 24.7 to reflect the unconditional mean of the short-term rate.
As shown in the fourth line of table 6.5, together with the estimated
processes (4) and (5), this preference specification can now generate
an upward sloping yield curve. However, the shape of the curve does
not correspond to that of the data. The curve is too steep at short-term
maturities and lies above data levels afterward. Most importantly, as
shown in table 6.6, this model fails to generate the proper volatility of




















































2.3 External Shock As in Gallmeyer et al. (2005)
To explore the implications of a more sophisticated model of habit as
presented by Gallmeyer, Hollifield, and Zin (2005), which falls under
the class of habit models discussed in Campbell and Cochrane (1999),
consider a utility flow of the form
where Q(is a preference shock that follows a martingale, i.e., Et(Qt+1/Qt)
= 1. In this case, the nominal stochastic discount factor is given by
Q, )PM
The shock Qt is modelled in a way that
~H+i = (</>cAct)(Acf+1 - EtAct+1) + -((j)cActf var( AcM,
where, as previously, lower-case letters denote logarithms and (j)c is a
parameter. It follows that the nominal stochastic discount factor can be
written as
C \




captures unexpected surprises in consumption at time t + 1 and
Past consumption matters as it did in the standard habit model, but
now its weight depends on the magnitude of the unexpected consump-
tion surprises.
This preference specification, together with the processes (4) and (5),
generates an affine linear yield curve, in which risk-premia are now
time varying.
As shown in table 6.5, this model is more successful in producing
an upward-sloping yield curve and toward this aspect of the data per-
forms as well as the benchmark model of PS. In particular the param-Comment 451
eter fi is set equal to 0.9999 while <pc = -11250. The latter number is not
large since £(+1 is very small. The standard deviation over the sample of
^c^t+i—
which is the variable what matters in (8)—is 36. Note the simi-
larities between these preferences and the ones used in PS. Both add an
additional martingale to the stochastic discount factor. This additional
term can be interpreted as a distortion in the initial probability mea-
sure as in the risk-sensitive control literature (see Hansen and Sargent
2006).
3 Processes for Consumption and Inflation
In the previous section, the estimated processes for consumption and
inflation were maintained as those in the specification of PS. It was
shown that in order to match an upward sloping average yield curve,
the standard isoelastic expected utility model had to be modified to
include additional terms. However, the models discussed thus far have
all failed to properly represent one important aspect of the data regard-
ing the volatility of the yields, as shown in table 6.6. Every model has
implied a progressively decreasing trend, even though the volatility of
the yields over the full sample of data does not actually decrease with
longer maturities. This result greatly depends on the estimation of the
processes (4) and (5). The estimation is performed on demeaned data,
which imposes stationarity on the variables influencing the stochastic
discount factor. As discussed in Backus and Zin (1993), when the state
vector is stationary, the volatility of the yields with longer maturities
converge to zero. Since the data does not show this pattern, this indi-
cates some nonstationarity in the factors influencing the yield curve for
at least some part of the sample.
An obvious candidate of this nonstationary behavior is the inflation-
rate process. Firstly, because if a raw unit-root test is performed on the
data taken from 1952 to 19xy where xy is above 70, a unit root cannot
be rejected for some years. Also because recent literatures on inflation
forecasting discussed in Mayoral and Gadea (2005) have argued that
inflation processes for many OECD countries can be described well by
fractionally-integrated processes. This class of processes implies longer
memory and as discussed in Backus and Zin (1993) can generate a non-
decreasing volatility of yields.
A careful multivariate fractional integration approach to consump-
tion and inflation is out of this discussion's scope. Yet, I will explore the
implication of a fractionally integrated process for inflation and show452 Benigno
that even the standard isoelastic expected utility model can reconcile at
the same time an upward sloping yield curve with the non-decreasing
volatility of the yields.
First consider a fractional integrated process for inflation of order d
as
which is equivalent to
;=0
where the coefficients a. solve the following recursion
Ji-
with fl0 = 1. I set d = 0.72 as it is found in Mayoral and Gadea (2005)
and consider a maximum lag of 19. I estimate a bivariate VAR with
one lag for the vector (Ac,,| ). Next I construct a process for a state
vector z, = (Ac,, ni Ktl...Kt_l8).
51 compute the implications for term struc-
ture of assuming this state process under the stochastic discount factor
(6) implied by standard isoelastic expected utility. In particular I set
/3 = 0.9999, p = 0.28 in order to match the unconditional mean of the
short-term rate. The results are presented in the last lines of tables 6.5
and 6.6. Now, the standard isoelastic expected utility model is able to
match an upward-sloping yield curve in accordance with the data.
6
Most importantly, the volatilities of the yields are higher than in the
previous case and still declining, but at a slower pace.
4 What Have We Learnt?
There are two important messages that PS's paper conveys that can
be useful for macro modeling. First, the paper suggests that standard
expected utility preferences are not satisfactory. This is a common leit-
motiv in the current finance literature which relies on preference speci-
fications. The second message concerns the mechanism through which
the term structure is upward sloping. It is emphasized that bad news
on inflation is also bad news on current and future consumption. How-
ever, nothing has been said about whether this mechanism is consistent
with a macro model nor on the driving shocks and forces behind this
relationship.Comment 453
Here, for the purpose of providing further insights on yield-curve
characteristics relevant to a macroeconomic perspective, some statistical
analysis on PS's data is presented. I compare the full sample (1952-2004)
to the Great Moderation period (1984-2004), the pre Great-Moderation
(1962-2004), the Greenspan period (1987-2004), and the last decade
(1995-2004). Table 6.7 presents the means of consumption growth and
inflation for the various subsamples as well as the means of the one-
quarter, three-year, and five-year yields. The main difference between
the first and the second half of the sample for the two macro variables
considered is in the lower mean of inflation in the second part. The aver-
age yield curve is always upward sloping for all the subsamples consid-
ered and relatively flatter for the periods 1952-1984 and 1995-2004.
Most interesting is the analysis of volatilities shown in table 6.8. The
Great Moderation period and the Greenspan period are characterized
by a fall in the volatilities of consumption growth and inflation. The
most important trend of these periods is the fact that the volatilities of
the yields have also decreased. This means that there could be com-
mon factors affecting the macro variables and the yield curve which is
promising evidence for the research agenda attempting to link macro-
economics and finance more tightly together. An additional interesting
fact found in table 6.8 is the nondecreasing volatility of the yield curve,
due mostly to the first part of the sample. Particularly in the Greenspan
period and the last decade, the volatility of the yield curve is down-
ward sloping. This is clearly a consequence of some important changes
in the inflation process.
This evidence points toward asking whether it is possible that changes
in the conduction of monetary policy in the last decades are responsible
of the changes observed in the term structure. Furthermore, is there a
model that can rationalize this evidence? Perhaps one in which mon-
































































































and targeting rules change or in which monetary policymakers acquire
a better understanding of the model economy.
PS's intuition for an upward sloping yield curve relies on the correla-
tion between consumption growth and inflation. This relationship is
negative if the full sample is considered.
However, table 6.9 shows that this negative relationship is a feature
of only the first part of the sample and that it becomes statistically
insignificant toward the last parts of the sample. As well, other correla-
tions are strong for the first part of the sample and insignificant during
the Greenspan period. This is the case for the correlations between the
short-term rate and inflation, and the short-term rate and consumption.
Moreover figure 6.10 replicates their figure 6.1 but just for the sample
1987-2005 showing that the cross covariances are small in magnitude
and perhaps not significant.
Perhaps, this is no longer supporting their intuition that negative
inflation shocks lead to negative future consumption growth which
is puzzling since even in this subsample the average yield curve is
upward sloping.
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Endnotes
1. This is not the first paper to use this kind of preferences to study term-structure impli-
cations, but the first to take it seriously to the data. See among others Campbell (1999),
Campbell and Viceira (2002), Restoy and Weil (2004).
2. I am assuming an infinite horizon economy differently from PS finite-horizon model.
3. Standard procedures require first to set p and then derive /Jbut this would violate the
upper bound on ji. PS finite-horizon model allows for f3 being greater than the unitary
value. The fact that by raising the risk-aversion coefficient the mean of the short-rate
increases is the mirror image of the equity premium puzzle. This is the risk-free rate
puzzle, see Weil (1989).
4. The second line of table 6.5 reports the results of the finite-horizon model of PS. Note
that in the infinite-horizon case to generate a positive risk premium it is sufficient to
assume a value of /above two, but to match the risk-premium of the data yshould be
59. A high risk-aversion coefficient also reduces the unconditional mean of the short rate
helping to reduce the value of J3 needed to match the first point of the average yield
curve.
5. To further simplify the analysis, I keep only the significant coefficients from the VAR
estimates.
6. The result that the standard expected utility model can be also successful in generating
a positive risk-premium is in some way consistent with PS learning experiment in which
the estimation procedure can account for possible breaks in the consumption and infla-
tion processes. Indeed, in their final example of section 5, they need a parameter of risk
aversion y= 4 which is close to imply the standard expected utility model.
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Are government bonds risky assets? This deceptively simple question
raises fundamental issues in macroeconomics and finance. To begin,
assume that the bonds are inflation-indexed or inflation is determin-
istic. Over a short holding period, long-term government bonds have
volatile returns whereas short-term Treasury bills have a known return.
Over a long holding period, however, Treasury bills must be rolled
over at unknown future interest rates, while long-term bonds deliver
a known return. Unsurprisingly, then, normative models of portfolio
choice imply that highly conservative short-term investors living off
their financial wealth should hold Treasury bills, but conservative long-
term investors should hold long-term inflation-indexed bonds (Camp-
bell and Viceira 2001).
1
General equilibrium asset pricing theory approaches this question
from a somewhat different angle. In a general equilibrium asset pricing
model, a risky asset is one whose return covaries negatively with the
stochastic discount factor (SDF); such an asset will command a positive
risk premium over a short-term safe asset. The SDF may be estimated
empirically, or may be derived from assumptions about the tastes and
endowment of a representative investor. Similarly, the covariance of
bond returns with the SDF may be estimated from historical data, or
may be derived from assumptions about the endowment process.
Two simple examples of this approach set the stage for the more
sophisticated logic employed by Monika Piazzesi and Martin Sch-
neider. First, the Capital Asset Pricing Model (CAPM) assumes that the
SDF is a negative linear function of the return on a broad stock index.
According to the CAPM, government bonds are risky assets if they
have a positive beta with the stock market. Empirical estimates of bond
betas were close to zero in the 1960s, positive in the 1970s and 1980s,460 Campbell
and appear to have turned negative during the last five to ten years
(Campbell and Ammer 1993, Viceira 2006).
Second, a consumption-based asset pricing model with power util-
ity implies that the SDF is a negative linear function of consumption
growth. In this framework, government bonds are risky assets if their
returns covary positively with consumption growth. Since bond prices
rise when interest rates fall, bonds are risky assets if interest rates fall
in response to consumption growth. Campbell (1986) points out that in
a real model, this requires positive consumption shocks to drive down
real interest rates; but because equilibrium real interest rates are posi-
tively related to expected future consumption growth, this is possible
only if positive consumption shocks drive down expected future con-
sumption growth, that is, if consumption growth is negatively autocor-
related. In the presence of persistent shocks to consumption growth, by
contrast, consumption growth is positively autocorrelated. In this case
long-term bonds are hedges against prolonged slow growth and thus
are desirable assets with negative risk premia.
Randomness in inflation further complicates the analysis for long-
term nominal bonds. The real payoffs on long-term nominal bonds are
uncertain and are negatively related to inflation. If shocks to inflation
are positively correlated with the SDF, nominal bonds become risky
assets that command positive risk premia.
The paper by Piazzesi and Schneider (PS) extends this analysis by
more carefully modeling the effects of inflation on bond prices. PS
assume that a representative investor has not power utility, but the
more general utility function described by Epstein and Zin (1989,1991).
This utility function allows the coefficient of relative risk aversion y
and the elasticity of intertemporal substitution (EIS) y/ to be separate
free parameters, whereas power utility restricts one to be the reciprocal
of the other. With power utility, increasing risk aversion to explain the
high equity premium forces the EIS to be very low, and this can have
problematic implications for the dynamic behavior of interest rates and
consumption. Epstein-Zin utility allows one to avoid this problem. In
order to derive closed-form solutions, PS assume that the EIS equals
one, implying that the consumption-wealth ratio is constant over time.
In this discussion, I instead use the approximate loglinear solutions I
have proposed in earlier work (Campbell 1993), and treat the EIS as a
free parameter.
Like PS, I will assume joint lognormality and homoskedasticity of
asset returns and consumption. With this assumption, the Epstein-ZinComment 461
Euler equation implies that the risk premium on any asset i over the
short-term safe asset is
2 ¥ ... (1)
The risk premium is defined to be the expected excess log return on the
asset plus one-half its variance to correct for Jensen's Inequality. The
preference parameter 6= (1 - y)/(l - 1/v); in the power utility case,
y=l/y/ and 0=1. According to this formula, the risk premium on any
asset is a weighted average of two conditional covariances, the con-
sumption covariance ac (scaled by the reciprocal of the EIS) which gets
full weight in the power utility case, and the wealth covariance ajw.
It is tempting to treat the consumption covariance and wealth covari-
ance as two separate quantities, but this ignores the fact that consump-
tion and wealth are linked by the intertemporal budget constraint and
by a time-series Euler equation. By using these additional equations,
one can substitute either consumption (Campbell 1993) or wealth
(Restoy and Weil 1998) out of the formula for the risk premium. The
first approach explains the risk premium using covariances with the
current market return and with news about future market returns; this
might be called "CAPM+", as it generalizes the insight about risk that
was first formalized in the CAPM. The second approach explains the
risk premium using covariances with current consumption growth and
with news about future consumption growth; this might be called the
"CCAPM+", as it generalizes the insight about risk that is contained in
the consumption-based CAPM with power utility.
PS use the CCAPM+ approach, which can be written as
<Jlg = Cov(rlM -Etrlt+1,gM), (3)
and
£1+;.. (4)
The letter g is used here as a mnemonic for consumption growth. The
risk premium on any asset is the coefficient of risk aversion y times
the covariance of that asset with consumption growth, plus (y- 1/y/)
times the covariance of the asset with revisions in expected future462 Campbell
consumption growth. The second term is zero if y- 1/y/, the power
utility case, or if consumption growth is unpredictable so that there are
no revisions in expected future consumption growth. PS propose that
y> l/iy (since they assume y/= 1 this is equivalent to y > 1 for them).
This assumption implies that controlling for assets' contemporaneous
consumption covariance, investors require a risk premium to hold assets
that pay off when expected future consumption growth increases.
To understand the implications of this model for the pricing of bonds,
consider three assets: inflation-indexed perpetuities, nominal perpetu-
ities, and equities modeled as consumption claims. When expected real
consumption growth increases by 1 percentage point, the equilibrium
real interest rate increases by 1 / ^percentage points, and thus the infla-
tion-indexed perpetuity or TIPS (Treasury inflation-protected security)
return is given by
2
rTIPS,t+l
 = ~~ St+\ • W)
The return on nominal perpetuities is also influenced directly by
real interest rates, but in addition it responds to expected inflation. PS
assume that expected inflation is negatively related to expected con-
sumption growth. If expected inflation declines by 0 percentage points
when expected real consumption growth increases by 1 percentage
point, then the long-term nominal bond return is
V
One can also allow for shocks to inflation unrelated to consumption
growth, but these will not affect the risk premium on nominal bonds
and thus I will not consider them here.
Finally, equities respond to real interest rates in the same manner as
inflation-indexed bonds, but in addition consumption growth directly
affects the dividends paid on equities. If a 1 percent increase in real
consumption increases the real dividend by X percent, then the stock
return is given by
1 \
(7)
Here ct+1 is an unexpected shock to current consumption. Such a shock
raises the stock return A-for-one in the absence of any offsetting change
in expected future consumption growth. The coefficient X can loosely
be interpreted as a measure of leverage in the equity market.Comment 463
Now we are in a position to solve for the implied risk premia on real
bonds, nominal bonds, and equities. Combining (2) with (5) gives
With power utility, only the first term is nonzero. This term is described
by Campbell (1986); persistent consumption growth implies a positive
covariance between current consumption growth shocks and expected
future consumption growth, and hence a negative real term premium.
The second term is also negative under the plausible assumption that
y > \/\f/, and its sign does not depend on the persistence of the con-
sumption process. Hence this model generates a strong prediction that
the real term premium is negative.
Combining (2) with (6) gives
(i). (9)
If the inflation effect is large enough, 0 > 1 / if/, nominal bonds can have
positive risk premia even when real bonds have negative premia. The
reason is that good news about expected future consumption reduces
expected inflation, and thus causes nominal interest rates to decline
and nominal bond prices to increase. Nominal bonds become procycli-
cal, risky assets even though real bonds are countercyclical assets that
hedge against weak economic growth.
Combining (2) with (7) gives a more complicated expression for the
equity premium,
This is also positive and larger than the nominal bond premium if
equity leverage X is high.
Finally, the covariance between real bond returns and equity returns
is
Cov((rr/PSt+1,r£Qf+1) = -- I X~~\ol + locg , (11)
which is negative when equity leverage is high, whereas the covariance
between nominal bond returns and stock returns is464 Campbell
which is positive when equity leverage and the inflation sensitivity of
nominal bonds are both high.
Summarizing, PS argue that inflation is negatively related to the long-
run prospects for consumption growth. Thus nominal bonds, whose
real payoffs are negatively related to inflation, are more similar to equi-
ties, whose dividends respond positively to consumption, than they are
to inflation-indexed bonds. And stock returns correlate negatively with
inflation, despite the fact that stocks are real assets, because the real
economy drives inflation.
3
This story has several testable implications. First, equations (5) and
(6) imply that lagged returns on inflation-indexed bonds should pre-
dict negative consumption growth whereas lagged returns on nominal
bonds should predict positive consumption growth. Second, equations
(8) and (9) imply that inflation-indexed bonds should have negative
term premia and nominal bonds should have positive term premia.
Third, equations (11) and (12) imply that inflation-indexed bonds
should have negative betas with stocks whereas nominal bonds should
have positive betas.
Evidence on these implications is fragmentary, and it is particularly
difficult to test the implications for inflation-indexed bonds because
these bonds have only been issued relatively recently. The UK, for exam-
ple, first issued inflation-indexed gilts (UK government bonds) in the
early 1980s, and the United States followed suit in the late 1990s. How-
ever a piece of evidence in support of the first implication, for nominal
bonds, is that nominal yield spreads predict future real consumption
growth positively. This is relevant because yield spreads tend to widen
when nominal interest rates are falling and bond prices are rising. Table
12A in Campbell (2003) reports positive and often statistically signifi-
cant coefficients in regressions of real consumption growth on nominal
yield spreads in postwar data from a number of developed economies
(Australia, Canada, France, Germany, Italy, the Netherlands, Sweden,
Switzerland, the UK, and the United States). The major exception to the
pattern is Japan, where the estimated relationship is negative although
statistically insignificant. Longer-term annual data from Sweden, the
UK, and the United States are less supportive of this implication, with
negative and statistically significant coefficients for Sweden and the UK
and insignificant coefficients for the United States.
Turning to the second implication, there is ample evidence that term
premia on nominal bonds are typically positive (see for example Camp-Comment 465
bell, Lo, and MacKinlay 1997, Chapter 10, for a textbook exposition). It
is much harder to judge the sign of term premia on inflation-indexed
bonds, because average returns on these bonds are dominated by unex-
pected movements in real interest rates over short periods of time.
Barr and Campbell (1997) find that UK inflation-indexed gilts deliv-
ered negative average excess returns over short-term bills during the
period 1985-1994, but real interest rates rose at the end of this period
with the forced departure of the UK from the European exchange rate
mechanism; Roll (2004) finds that TIPS delivered extremely high posi-
tive average excess returns over Treasury bills during the period 1999-
2003, but real interest rates declined dramatically during this period.
An alternative method for assessing the sign of bond risk premia is to
look at the average slope of the yield curve. This is difficult to do when
relatively few short-term TIPS are outstanding, but Roll (2004) finds
that the TIPS yield curve has been upward-sloping.
A complication in judging the sign of risk premia on long-term bonds
is that short-term Treasury bills may have liquidity properties that are
not captured by consumption-based asset pricing models. If investors
have a liquidity motive for holding Treasury bills, the yields on these
bills may be lower in equilibrium than the yields on TIPS, but this is not
valid evidence against the PS asset pricing model. PS take a good first
step to handle this issue by calibrating their model to the nominal yield
curve at maturities of one year and greater.
Finally, let us consider the third implication of the PS model. Recent
movements in U.S. real interest rates suggest that TIPS do indeed have
negative betas with the stock market, as real rates and TIPS yields fell
dramatically during the period of stock market weakness in the early
2000s. Lai (2006) presents similar evidence for other developed coun-
tries that have issued inflation-indexed bonds. Interestingly, however,
nominal bonds have also had very low or even negative betas in recent
years. Viceira (2006) uses a rolling three-month window of daily data
to estimate the beta of nominal Treasury bonds with an aggregate U.S.
stock market index over the period 1962-2003. He finds that the beta
was close to zero in the 1960s, modestly positive in the 1970s, very large
and positive in the 1980s and mid-1990s, but has been negative for
much of the 2000s. Such instability suggests that the parameters of the
PS model may have changed over time.
What forces might change the parameters of the PS model? One
straightforward possibility is that inflation stabilization by Federal466 Campbell
Reserve chairmen Paul Volcker and Alan Greenspan has reduced
the size of the coefficient <p and has made nominal bonds more like
inflation-indexed bonds. Campbell and Viceira (2001) find evidence
in favor of this effect. A second possibility, emphasized by PS, is that
investors were uncertain about the inflation process in the 1980s and
this parameter uncertainty led them to price nominal bonds as if the
coefficient (j) were large. As parameter uncertainty has gradually dimin-
ished, nominal bonds have started to behave more like real bonds.
A third possibility is that the correlation between inflation and the real
economy has varied over time. In a new Keynesian model, for example,
the economy will have a stable Phillips curve when inflation expectations
are stable and the economy is hit by demand shocks; in such a regime,
inflation will be procyclical and the coefficient (p will be small or nega-
tive. The Phillips curve will be unstable if the economy is hit by shocks
to inflation expectations or aggregate supply; in this regime, inflation
will be countercyclical and the coefficient (p will be positive. The classic
example of the first regime is the deflationary experience of Japan in the
1990s, while the classic example of the second is the stagflationary expe-
rience of the United States in the 1970s. Perhaps nominal bonds covaried
positively with stocks in the 1980s because investors feared stagflation
and acted as if <p were positive; perhaps they covaried negatively with
stocks in the early 2000s because investors feared deflation and acted as
if 0 were negative. This idea could also be used to explain variation in
the predictive power of nominal yield spreads for consumption growth
across countries and sample periods (Campbell 2003, Table 12A). For
example, nominal yield spreads might predict consumption growth
negatively in Japan because 0 was negative during Japan's deflationary
1990s. A full exploration of these effects is well beyond the scope of this
discussion, but is a promising area for future research.
The literature on consumption-based bond pricing is surprisingly
small, given the vast amount of attention given to consumption-based
models of equity markets. Monika Piazzesi and Martin Schneider's
paper is therefore most welcome. It makes excellent use of the Epstein-
Zin framework to explain the offsetting effects of inflation and real
interest rate risk on nominal bond prices. Future work should build
on this contribution by testing jointly the implications of the model for
bond and equity returns, exploring changes over time in the volatility
of inflation and its correlation with real variables, and deriving implica-
tions for normative models of portfolio choice.Comment 467
Endnotes
1. The dangers of short-term safe investments for long-term investors were highlighted
by the steep decline in short-term interest rates that took place during 2000-03. A July
2003 Wall Street Journal article described the effects of this on retirees in Florida who had
invested in bank CD's. The article is titled "As Fed Cuts Rates, Retirees are Forced to
Pinch Pennies", and begins:
"For Ruth Putnam, an 86-year-old widow in a small retirement community here, the con-
sequences of the Federal Reserve's continuing interest-rate cuts are painfully clear: She's
selling her English Rose china collection, piece by piece. Mrs. Putnam relies on interest
income to make ends meet—and her investments are earning only a fraction of what they
did when she retired 24 years ago. 'I don't know what else I could do', she says."
2. A more careful derivation of this expression can be found in Campbell (2003), equation
(34) on p. 839.
3. Fama and Schwert (1977) and other authors in the late 1970s noted a negative correla-
tion between inflation and stock returns. Geske and Roll (1983) attributed this to a nega-
tive effect of real economic growth on inflation. The PS model is similar in spirit.
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Martin Schneider began by responding to the discussants' comments.
He said he did not view the Epstein-Zin-Weil framework as a tool to
get an additional free parameter. Rather he viewed this framework as
making it possible for researchers to make more realistic assumptions
about preferences toward the temporal distribution of risk. He noted
that in the standard separable expected utility model, agents are indif-
ferent about the temporal distribution of risk. He felt that this was a
very implausible feature of the standard model.
Schneider noted that existing results showed that it is possible to
rationalize virtually any set of asset prices by adding certain features
to the model. He emphasized that in light of this, the crucial question
facing researchers was where to get guidance about which features
to add to the model. In this paper, they had chosen to seek guidance
about the subjective beliefs of investors by using a sequential estima-
tion and learning scheme in which the investors' beliefs were estimated
from the fundamentals without reference to asset prices. He noted that
this approach helped them account for the apparent nonstationarity of
inflation over the sample period and delivered the result that inflation
carried a particularly high risk premium in the early 1980s when there
was a strong association between inflation and future consumption
growth.
Monika Piazzesi noted that in the appendix to the paper, they had
updated the results of David Barr and John Campbell on the negative
excess returns on UK indexed bonds. Expanding the sample to the pres-
ent, they confirmed Barr and Campbell's results. Piazzesi then pointed
out that the evidence they presented in the appendix for U.S. TIPS
pointed the other way. Given how short the sample period for the U.S.
TIPS was, she felt that the evidence from the UK was more suggestive.470 Discussion
Thomas Philippon pointed out that long-term bonds are risky if and
only if an increase in the short rate is associated with bad news. He
explained that the price of long-term bonds goes down when the short
rate rises. So, if increases in the short rate are associated with bad news,
then long-term bonds are risky, and the reverse is true as well. He then
noted that from a macro perspective, this meant that whether or not
long-term bonds are risky depends on the sources of the shocks that
hit the economy. In response to a positive demand shock, the Fed will
increase the short rate and long-term bonds will therefore be a hedge.
However, in the case of a supply shock, a negative shock will lead
the Fed to raise the short rate. In this case, long-term bonds are risky.
He therefore concluded that in a world that is dominated by demand
shocks, the yield curve should be downward sloping while it should
be upward sloping in a world dominated by supply shocks. Further-
more, the observed average slope of the yield curve over any particular
period should indicate how worried investors were during this period
about demand versus supply shocks. He felt that these observations
were consistent with Piazzesi and Schneider's evidence in the learning
part of their paper.
Philippon remarked that the recent literature on the term structure
had shown that in order to fit the variation in risk premiums and the
slope of the yield curve, it was important to introduce fiscal policy into
the model. He noted that this literature showed that the relative price of
short-term and long-term bonds depends on the budget deficit. Xavier
Gabaix suggested that a good place to seek evidence on the slope of the
yield curve was in data on UK bonds from the 19
t
h century.
Christopher Sims remarked that the learning model used in the paper
assumed that agents used a constant gain updating rule to learn about
first moments. He pointed out that recent work by Martin Weitzman
suggested that an alternative model of learning, where agents perform
Bayesian updating about distributions of posteriors and are uncertain
about variances, had huge effects on the evolution of risk premiums.
He felt that it would be interesting if the authors could incorporate
these features into their analysis.
Greg Mankiw remarked that John Campbell's chart about the changes
in betas for bonds over time made him think back to Davig and Leeper 's
paper about changing regimes for monetary and fiscal policy. Mankiw
noted that in Davig and Leeper's model the risk premiums for bonds
depend on which monetary and perhaps fiscal regime is in effect. He
said that this suggested that there might be strong synergies betweenDiscussion 471
macroeconomics and finance in using high frequency data on financial
assets to estimate risk premiums in order to infer the monetary and fis-
cal regime.
Michael Woodford followed up on Mankiw's comment by adding
that one important difference in the different regimes that Davig and
Leeper provided evidence for was the connection between the real
interest rate and inflation. He noted that the difference between the two
monetary policy regimes in that paper was that in one regime short-
term real rates fall with inflation, while in the other regime they rise
with inflation. This implied that the sign of the correlation between
consumption growth and inflation was different in the two regimes.
Xavier Gabaix felt that the success of the learning model in the paper
was very exciting. He thought that it was a way of reconciling the
behavioral perspective about macroeconomics with more traditional
perspectives. He argued that this type of analysis could be fruitful in
understanding other important macroeconomic phenomena such as
the equity premium puzzle, and that perhaps some years in the future
it would be possible to match the large swings in the equity premium
and the slope of the yield curve over the different decades of the 20
t
h
century. He felt that this modeling approach was particularly prom-
ising because it actually rang true that such learning had occurred in
response to large events such as the Great Depression, the Great Infla-
tion, and the Great Moderation.
Daron Acemoglu wondered whether the model was able to fit the
shape of the yield curve over different subsamples. He noted that the
evidence suggested that the relationship between consumption growth
and inflation was different over different subsamples and that given
this, the model implied that the shape of the yield curve should also
change. Schneider responded that the paper reported figures with
the yield spread implied by the model. These figures showed that the
yield spread implied by the model was high in the early 1980s and low
towards the end of the sample period.
Acemoglu asked whether the authors thought it mattered why infla-
tion predicts consumption growth. He noted that old style models sug-
gested that unanticipated inflation is good for output, while this paper
argues that high inflation predicts low consumption in the future. Sch-
neider responded that they had completely abstracted from structural
relationships between macroeconomic variables in the paper. He said
that the only behavioral equation in the model was the consumption
Euler equation and that their analysis was therefore consistent with472 Discussion
many different structural models that would give rise to the particu-
lar distribution of consumption and inflation that they found in the
data. He then noted that a consequence of their approach was that they
were not able to answer some interesting questions about what types
of models could give rise to their empirical results. Piazzesi agreed that
adding more structure to the model was a very interesting way to aug-
ment their analysis.